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A "B S T RAe T
This study describes the initial stage of a plastic design
method for unbraced multi-story frames. The initial design data in-
cludes the number of stories, bays, and dimensions of the frame; and
the working loads which the frame must carry together with appropriate
load factors~ The o'(Jjective is to find a suitable bending moment,
shear force and axial force distribution throughout the frame for
three load combinations, without prior knowledge of the frame member
sizes. By "suitable" is meant that members selected to resist the
preliminary design forces and moments will be reasonably close to
those found adequate after necessary design checks. References are
cited to suggest appropriate design checks.
-1
The basic method of structural analysis in this study is
termed plastic moment balancing~ This method is based on a modified
version of the lower bound theorem of simple plastic theory. The mod-
ifications concern in-plane frame.(" instability 0 Relative horizontal de-
flection or sway between the floors of an unbraced frame is considered
by formulating equilibrium in an initially assumed deflected state 0 An
approximate account of frame instability effects is thus included in the
preliminary design. Subsequent inelastic sway deflection checks are
needed to veri~y the initial sway assumptions 0 Methods for establishing
the initial sway assumptions remain for future investigation.
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The three basic equilibrium requirements in plastic moment
-2
balancing include story, girder, and joint equilibrium. These equili-
brium requirements are considered separately in a definite sequence
which eliminates any moment carry-over between joints but which permits
considerable versatility in seeking desirable distributions of momentn
In fact the relative distribution of moments is assigned in a meaningful
parametric form at the beginning of the preliminary design.
The moment balancing parameters must be statically admissible
but may be assigned to accomplish certain preliminary design objectives.
The design objectives considered in this study include restricted hinge
patterns in girders, double curvature bending in columns, and girders
of constant depth on one level. The moment balancing parameters used
in the preliminary design may also be assigned on the basis of in-
elastic sway investigations of similar frames. If this is done, the
results of the plastic moment balance provide a reasonable and rapid
\
prediction of inelastic frame behavior 0 From this viewpoint, plastic
moment balancing is at least :as rational a preliminary design approach
as most available allowable stress or plastic design methods.
The term restricted hinge pattern.means that a girder does not
develop the two hinges required for a girder sway mechanism at ultimate
load. A simple method for specifying r'estricted girder hinge patterns
in the plastic moment balance is included for the purpose of story sway
stiffness control under factored combined load or gravity load.
When a rest~icted hinge pattern is specified in the girder
plastic moment balance, an increased portion of the sway response of
273.38 -3
the girder is in the elastic range. A method is proposed for estimating
the relative amounts of elastic and elastic-plastic sway response of
girders at the beginning of the preliminary design. This method uses the
portal distribution of sway moments and the girder sway mechanism as
limiting conditions.
The main result of this study is to provide a "bridge" between
structural research and design practice, by restating a design phil-
osophy with origins more than half a century old. A design example for
a 24 story 3 bay frame is included in the Appendix.
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1. I N T ROD U C T ION
A desirable method of analysis has been described as one
which: (1) is easy to learn and remember, (2) introduces few new
technical terms or radically new concepts, (3) enables us to see the
appro~imate answer from the beginning, and (4) is flexible. (l)~ There
is no claim to having accomplished these objectives in this prelimin-
ary design study, but they indicate the philosophy which has guided
this work. Items (3) and (4) are especially germane to ~he design of
highly indeterminate structures like an unbraced multi-stbry frame.
The characteristics of a desirable design method have been
influenced by the digital computer. The age of electronic computation
has extended the scope but not the basis for design or the need for
adaptable design methods.
I . I PROBLEM STATEMENT
The problem considered in this study is the following: given
the number of stories, bays, and dimensions of an unbraced planar multi-
story frame, and the working loads which the frame must carry together
with appropriate load factors; find suitable distributions of bending
moment, shear force and axial force throughout the frame for appropriate
273.38 (1.1)
load combinations, without prior knowledge of the frame member sizes.
By Usuitable" we mean that members selected to carry the preliminary
design forces and moments will be reasonably close to those found
acceptable after necessary design checks.
-5
The term preliminary analysis might be used to describe this
study but analysis usually implies predicting the response of a frame "
with known members, or relative member properties. The term preliminary
design is preferred because this study intends to estimate the moments
and forces in the frame as the first step in the design processD
We may choose between two apparently different design methods
for indeterminate frames: the allowable stress method, and the plastic
design method. The differences are more apparent than real in many
respects because both methods find their justification in the behavior
of rigid frames and their components in the inelastic range (Chapter 1,
Ref.' 2). This studY'uses a modified plastic design approach with appro-
priate checks on elastic behavior under working loads. Two load factors
are applied to the working load to ,Qptain required ultimate load
capacities. These are the load factors FIR for gravity loading and F2R
for combined (gravity plus wind) loading.
The statical method is the fundamental approach to the plastic
analysis of structures used in this investigation. The statical method
satisfies bo'th 'the equilibrium and plastic-moment conditi.ons, but not
necessarily the me;chanism condition, of the simple plastic theory and
is based on the lower-bound theorem (Art. 2.2, Ref. 3). Although this
theorem does not intend to consider the s~gnificant changes in
-6
geometry which may occur in an unbraced frame, these geometry effects are
fully accounted for by modifying the equilibrium condition (Art. 1.3),
A rigorous theoretical investigation of this equilibrium modification is
a fundamental and unsolved problem in the field of inelastic instability.
Nevertheless, the design checks which follow the preliminary design phase
serve to bridge this gap in theory and allow us to proceed with con-
fidence.
It will be assumed in this study that all horizontal forces in
the plane of a frame are resisted by the rigidly connected girders and
columns without assistance from diagonal bracing, walls, cladding, or·
shear transfer between adjacent frames through the floor system. These
qualifications serve to define the term unbracedo They also suggest
that a completely unbraced frame is rare in practice. However the trend
in multi~story building architecture is away from the granite exterior
of the Empire State Building with its substantial interaction between
t'4)
cladding and bare frame in resisting sway due to wind" ~ Modern
architectural components and fireproofing methods place a gradually
increasing reliance on the steel skeleton to resist wind, with the bare
unbraced frame as a limiting and conser"vati've condition"
A prime concern in mu~ti-story frame design is the sway (or
the physiological response to sway acceleration.and vibration) induced
by wind at the working load level. The influence of sway on the
strength and stability of the frame in the inelastic range of (over-
load) response is an equally vital concern in providing a margin of
safety~ The following articles describe the behavior of unhraced
multi-story frames and their components wi'th partic"ular reference to
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sway effects ~n the inelastic range. The purpose of the discussion is
to ~uggest what factors should be considered in preliminary design.
1 . 2 THE FA EFFECT IN COLUMNS
The total wind shear in a story is the sum of the wind forces
acting on the frame above that story. rhe wind shear causes shear
'~:torces, bending moments, and axial loads in the ~olumns" The column
mome,nts are balanced by moments in the girders immediately above and
below the story. In addition to these internal forces and moments,
wind also causes relative horizontal deflection or sway of an unbraced
frame between the levels above and below the story" The product of
total gravity load above the story and relative sway deflection gives
an additional moment, termed the p~ moment" The P6 moment adds to the
wind moments in the columns and girders but does not change the total
wind shear in the story~
The P8 effect is one factor influencing the equilibrium of an
unbraced multi-story frame which is frequently insignificant for single
story or braced multi-story framesg It is useful to investigate the
relative reduction in shear capacity of a column due to the p~ effect.
The columns in Fig" 1,,1 will assist in this investigationg The column
in Fig. 1.l(a) carries an axial load P and end~moments M and qM atpc pc
its upper an~ lower ends. The plastic moment capaci.ty of the column is
reduced from M to M by the axial load. The reduced plastic momentp pc
is conveniently approximated by(3)
Mpc
p
= 1,,18 (1 - p-) M
y P
p
p
y
> 0 ~ 15 (a)
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for a Wshape bent about its strong axis, where P is the plastic loady
(area of column times yield stress). The end-moment ratio q determines
the moment at one end of the column as a multiple of the column moment
at the opposite end. A positive end~moment ratio causes double curvature
bending,
The column in Fig. l.l(a) is in equilibrium in the unswayed
position and resists a horizontal shear
(1 + q) MQ = P_c
o h (b)
where the subscript 0 identifies the unswayed position and h is the
column height. The column in Fig. l"l(b) carries the same axial load
and end-moments, but it is in equilibrium in the sway position,., The
sway deflection index, or chord rotation, ~/h, is a convenient oon-
dimensional measure of the away, 6" The sway reduces the shea'r
capacity of the column from Q
o
Q Q p&A = 0 - h
to
(c)
where the subscript 6 is used to identify the sway po'siti0l1:';;'4 T,he
relative reduction in shear ~apacity
P h
(1 + q) Mpc ( ~ ) (d)
is a linear function of the sway deflection index. .,To .ind'tcate the
influence of other structural parameters on the relative PA reduction
in shear capacity, Eq~ ,'(d,), may be transformed to
273.38 (1.2)
(e)
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where
d ;:: column depth
C
r = radius of gyration- in the plane of bending
c
£ = shflpe fac.tor (3)
and (d /2fr ) has a value close to unity (approximately 1.06) for most
c ,C
W or H column sections in Refo 5.
Equations (a and e) indicate that the relative PA reduction in
shear capacity depends on the Pip ratio, the end-moment ratio q, and the
y
slenderness ratio hire in the plane of bending, in addition to the sway
deflection index A/h. Figure 1.2 graphically indicates the predictions
of Eq, (e) for two PIP and two q values, The vertical axis in thisy
graph is the relative reduction in shear capacity and the ho~izontal
axis is the product (h/r)(6/h). Notice that values of (Q. - QA)/Q
o L.l 0
@~eater than unity correspond to negative values of Q8 , In terms of
struc~ural behavior, th'is means that the swayed co1ulnn does not help
to resist wind shear but instead, the column applies an additional
horizontal shear to the remaining elements of the frame 0
If A/h = 00002 is accepted as a nominal working load sway de-
flection index, we may conservatively estimate the sway deflection
index at ultimate load to be on the order of 10 times this value, a1-
though considerably smaller values of 6/h at ultimate load are more
likely (see Art. 1.6)0 For a column with a slenderness ratio of 25,
this gives the product (h/t)(~/h) = 0.5. Then Fig. 1.2 indicates
273.38 (1.2)
P8, shear reductions of from 10 to 20 percent for piP = 0.3. Withy
PIP = 0.6 and the same value of (h/r)(A/h) the shear reductionsy
increase to the range from 35 to 70 percent.
Several conclusions may be drawn from this brief study:
~10
(1) The P6 shear reduction is eignificant only when both the
axial load and the sway deflection are appreciable~ This explains why
P8 effects are usually ignored for braced frames where the sway is
limited and for single-story unbraced frames where piP is frequentlyy
less than 0.15. Except in the top several stories of an unbraced multi-
story frame, both of the elements which promote the PA effect are present
and cannot be neglected in design.
(2) Engineering judgment suggests that some tentative limi-
tation b~ placed on the sway deflection index at ultimate load, pri-
marily to avoid the uneconomical reduction in shear capacity which
results when the PA effect is not controlled. This limitation is a
useful parameter in preliminary design calculations but it is not a
parameter wh-ich cannot be exceeded in final design checks. That is,
the computed ultimate load deflection may have any reasonable value,
consistant with the requirement that ~he frame be able to carry the
ultimate load in the deflected state.
, (3) Of the four paramet~rs which determine the P6 effect,
the pip ratio is the most important. If pip exceeds OG3 and they y
product (h/~)(A/h) approaches 0.5, the pA shear reduction is signifi-
cant (tn excess of 10 to 20 percent). This is regarded as a tentative
and possibly unconservative rule, but it gives an approximate estimate.
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One tacit assumption in this study of relative p~ effects is
that one of the column ertd-moments is equal to the reduced plastic
moment M This condition may not occur for several reasons:pc
(1) The same column size is used in two or three stories of
a frame ,to simplify fabrication and erection. The axial load in the
upper story of a two tier column is less than that in the lower story.
This increases the value of M in the upper story which also mustpc
resist a smaller wind shear, and therefore smaller wind moments in the
column, In addition, column splices are frequently located from 1 to
3 feet above the floors. The moment capacity at the splice may in-
fluence the column end-moments.
(2) Lateral~torsional buckling of a laterally unsupported
column may limit major axis end-moments to a value less than Mpc
This limitation is most likely to occur for columns bent in single
curvature (q = -1). However, single curvature column bending occurs
infrequently in multi-story frames except occasionally in bottom story
windward columns or when extreme checkerboard live load patterns are
considered.
(3) A column with a relatively large slenderness ratio (say
h/r > 40) in the plane of bending and high axial load (say pip > O~8).
c y
may be unable to resist M ,even in double curvature bending,pc
(q = +1) because of excessive deflection between the ends of the column
in the plane of bending (Fig. 11010, Refp 6). (It is important to
distinguish between the P8 effect and the amplification of moment due
to deflection between the ends of a column~ Moment amplification is
usually of secondary importance in comparison with the p~ effect for
273.38 (1~3)
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unbraced. frame columns bent in double curvature.) Columns with a slen-
derness ratio of 40 or more in the plane of bending occur infrequently
in multi-story frames unless they are bent about their weak axis or they
extend through two or more stories without in·termediate support in the
plane of the frame. Columns fabricated, from ASTM A5!2 steel (yield
strength on the order of 100 ksi) will also tend to have relatively
larger slenderness ratios than columns using lower strength steels$
(4) The column end-moments must be balanced by, and frequently
a~e limited by, the girder end-moments. (The example discussed in
Art. 1.6 and Figo 1.6 involves a P8 shear reduction of about 23 percent
at ultimate load with pip values for the four columns ranging fromy
0.43 to 0.87 and (h/r) (8/h) ~ 00 1 at ultimate load'" The column moments
are limited by the girder plastic moment capacities,,)
Thus the moment assumptions in Fig" lel(b) may not be realized in
practice. Nevertheless, our study of relative P6 effects serves to
identify the contributing parameters, and to give a numerical evaluation
(independent of refined inelastic colurr~ theory) of their potential
contribution 11
1.3 PRELIMINARY DESIGN FOR PLl EFFECTS
A basic assumption in the simple plastic theory of structures is
that equilibrium can be formulated in the undef1ected state of the
structure. Our study of p~ effects suggests that this assumption must
be modified in an attempt to apply plastic ~oncepts to the design of
a tall,unbraced multi-story frame particularl~ in the middle and lower
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stories. The preliminary design method in this study dea~s with the
sway problem in several steps:
Step (1) The ultimate load sway deflection in each
s_tory is assumed at the beginning of the preliminary
design. The ideas involved in making this assumption
remain for future study. Eq~ilibrium is then for-
mulated in this initially assumed deflected stateo
Step (2) After tentative member sizes have been
selected to carry the moments determined in Step (1),
the ultimate load sway deflections corresponding to
these members are estimated~using the moment diagrams
from Step (1).
-13
If the sway deflection check in Step (2) indicates sways which are less,
in every story, than the initial sway assumptions, we may conclude that
the frame design is conservative with regard· to PA effects Q If the sway
deflection check indicates. sways larger than the initial sway assumptions
we may follow one of two alternatives 0
Step (3) - Alternative (1) Attempt.to show that
the tentative member sizes are adequate to carry the
increased pa moments 0 At this sta·ge the deflection
check is more accurately described as an iterative
stability check. The basic ideas described by Vianello
and expanded by Newmark(7) may be applied with modifi-
cations (8,9) to this frame stability check .. The calcu-
lations can,.\be protracted and may resul"t in no co'n~
vergence, part.icularly if the initial 'sway assumptions
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are inappropriate 0 Then an alternative course is
attractive, although not necessarily as economical.
Step (3) - Alternative (2) Use the sways obtained
from the sway deflection check in Step (2) in place of
the initial sway assumptions, and repeat the preliminary
design, starting with Step (1)0 This may also be
described as an iterative process but each iteration
gives, new member sizes in addition to deflections.
The inelastic sway analysis method in Refo 10 may be used in
Step (2) to obtain a complete story shear versus sway curve. This
curve provides the information needed to determine the adequacy of
the preliminary design for sway effects at ultimate load and at working
load.
This outline of the steps involved in dealing with the sway
problem is purposely brief and incomplete in essential detailso Its
273.38 (1.4)
~urpose here is to ind~cate the general nature of the method used to
circumvent the deflection limitation of simple plastic theory.
-15
The efficiency of this approach stems from the direct consid-
eration of sway effects right from the beginning of the preliminary
design and depends, in part, on the ability to make reliable initial
ultimate load sway estimates. Step (3) of the approach introduces an ·
element of iteration which is not especially attractive from the
standpoint of efficient design practice but this step is required only
to correct an inappropriate initial sway estimate. Since the second
cycle of preliminary design will tend to result in a frame with increased
sway stiffness, Step (3) could use sway deflections somewhat smaller
than those found in the preceding Step (2) with some increase in
economy.
The design example in Appendix 1 tentatively suggests that the
member sizes obtained in the preliminary design may not be sensitive to
substantial changes in the initial sway assumption 0
1.4 OTHER INELASTIC INSTABILITY EFFECTS
A second basic assumption in the simple plastic theory of
structures is that instability of the frame or any part of the frame
does not occur prior to ultimate loado Concern for stability problems
in tall inelastic frames has prompted one British investigator to write
in 1961:' (11)
"It must be stated quite clearly that there is no
theoretical justification for applying plastic
theory to the design of tall buildings, and by
the nature of the problem, there can be no theo-
retical justificationo There can only be a
273.38 (1.4)
practical justification; that the calculations
lead to a reasonable design, and that with that
reasonable design, when erected, the structure
does not fall down."
~16
This is a refreshingly frank and realistic assessment. However, reser-
vations concerning the theoretical justification for design methods
certainly are not confined to the plastic theory~ In fact, a second
British investigator has observed: (12)
"The plastic method of design owes its conception
in England to the fundamental shortcomings of
elastic designa It is only when these short-
comings are understood that the logic and charm
of the plastic method can be appreciated to the
full."
The investigation of stability problems in multi-story frames
has recently (since 1961) lead to a better 'understanding of the in-
elastic interaction between rigidly connected columns and girders. Both
1 t · 1 d - t 1 t d· (10,13,14,15,90) f the l.-ne1astl.-cana y ~ca an exper1men a s u l.es 0
response of beam-and-co1umn subassemb1ages have helped to clarify
many ~f the stability problems which have impeded the application of
plastic concepts to the design of multi-story frames 0 Many of these
developments are summarized and extended in Refo 60 The methods for
dealing with inelastic restrained columns free to sway in Chapters 14
to 19 of Refa 6 and the more refined analysis in Refo 10 are of par-
ticular interest in suggesting design checks for unbraced frames, once
tentative member sizes have been selectedo It is the purpose of this
preliminary design study to suggest ,the basis for this initial
selectioq of members_
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1.5 THE ROLE OF GIRDERS IN RESISTING SWAY
-17
One of the important conclusions to stem from inelastic sway
s~bassemblage studies is the dominant role which the girders play in
resisting sway deflection in a storyo This role is illustrated in an
approximate manner in Fig~ 1.3. Figure 1.3(a) shows the deflected
shape of one story of an unbraced frame caused by wind shear 0 The
total sway ~ may be estimated(16,19) as the sum of the sway ~ due to
c
column bending with no joint rotation (Figu lo3b) plus the sway ~ due
to bending of the girders with rigid body rotation of the columns
(Fig. 1.3c). The girders thus help to prevent sway by restraining end-
rotation of the columns.
The working load sway deflection estimates in Examples 21.16
of Refo 2 and DPII of Refo 17 substantiate the idea that girder
bending frequently is the major contribution (Say 80 percent) to the
total sway deflection at working load in unbraced frames of practical
proportions. This explains why sway deflection control is more ef~
fectively achieved by increasing girder sizes than by increasing the
stiffness of columns. The· result is a f',Came with relatively "strong"
girders and "weak" coluInns (with emphasis on "relati've" .- the columns
are not weak in an absolute sensea)
Since girder flexure dominates t.he sway in a story, it follows
that any factor which changes the stiffness of the girders will have
a significant fnfluence on the sway in adjacent '"stories. For the pur-
pose of this discussion, girder stiffness may be defined as the ratio
6 M/8 e where 6 M is a change in girder end-moment and 6 e is the
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corresponding change in end rotation. The formation of a plasti~ hinge
in a girder will reduce the girder stiffness by a factor of about 2.
A second plastic hinge (which does not unload) will reduce the girder
stiffness to zero, if strain-hardening effects are neglected.
The successive stages in the formation of plastic hinges due
to increasing wind moments in a girder with constant plastic moment
capacity, Mp ' are illustrated in Fig. 1.4. If F2R is the load factor
for combined (gravity plus wind) loading, the total gravity load o~ the
girder is F2Rw Lg where Lg is the clear girder span anQ w is the uniformly
distributed (dead. plus live) working loado Fig'ures 1.4(a) and (b) show
the gravity loads and the moment diagram for the girder before any
wind moments are applied 0 The girder end-moments are MA and MB where
subscripts A and B identify the windward and leeward ends of the girder
and wind is acting from the left, The end-moments are considered
J
"',
positive when clockwise as shown in Fig. l.4(a).
In this study, all girder moment diagrams are drawn in two
steps. First, the statically determinate moment diagram for the gravity
load is drawn assuming the girder rests on simple supports~ The maxi-
mum ordinate of this diagram is
1 2
MS = '8 F2R w Lg
(a)
in Fig. 1.4(b). Second, the linear moment diagram for the end~moments
MA and ME is superimposed. This linear diagram will be termed the
fixing line fo+, convenient refeI'ence, because it serves to "fix" the
moment at any girder section. Moments which cause tension on the bottom
(1.5)
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of the girder between its ends are considered positive and are measured
downward from the fixing line to the statically determinate moment
diagram.
The girder end-moments due to gravity load'are assumed to be
the fixed-end moments
(b)
in Fig. 1.4(b). This is a reasonable assumption if the girder. span
is one of several nearly equal interior spans. It is further assumed
that the girder p1ast'ic mome,nt capacity, M· , exceeds the fixed-endp
moments.
When wind moments caused by wind from the left are applied to
the girder, the fixing line rotates clockwise as indicated in Fig. 1.4(c).
In .,the ~portal an~ cantilever ,methods of wind analysis, a point of
inflection is assumed at the center of each girder. This convenient
assumption will be followed in this study to approxi~ate the elastic
range of response to wind. The change in end moments, 8 M, due to wind
in the elastic range is then as indicated in Fig. 1.4(d) where
On the upper levels of a multi-story frame, the difference
between the plastic moment and the fixed-end moment is frequently small
and, in fact, may vanish, because the girder sizes in this part of the
frame are governed by the factored gravity load with load factor FIR> F2R .
The result is that the moment
(c)
273.38 (1.5)
-20
at the leeward end of the girder soon reaches M under increasingp
wind moments. This marks the end of the elastic range of response to
w~nd. The first plastic hinge in a girder may be expected to form at
the leeward end as indicated in Fig. 1.4(e), (unless the end-moments
due to gravity load are considerably smaller than the fixed-end moments).
The girder wind moment diagram when this leeward hinge forms is shown
in Fig. 1.4(£) with a point of inflection assumed at midspan. The wind
moment at the leeward end is limited to
(d)
in this figure.
A further increase in girder wind moments can be absorbed by
increasing the windward wind moment 6 MA with 6 MB held constant at the
value from Eq. (d). The fixing line rotates about the leeward plastic
"
hinge as in Fig. 1.4(g). The girder Wind moment diagram in Fig. l.4(h)
indicates that the point of inflection shifts toward the leeward end.
The result of the 1eeward'p1astic hinge is to redistr~bute the wind
moments. The redistributed wind moments permit the girder to carry
larger total wind moments than the assumptions of the .cantilever or
portal methods would indicate. This is one example of the "logic and
charm" and of ,the economy inherent in the plastic method.
The moment dtagram in Fig. 1.4(g) may· be expected to occur for
the girders on the upper levels, at and near the roof, of an unbraced
multi-story frame. As we proceed down from the roof, the girder wind
moments increase in a manner analogous to a cantilever~ The ability of
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the leeward plastic hinge to redistribute the increasing wind moments
is limited by the formation of a second plastic hinge in the girder as in
Fig. 1. 4 (j ) .
fhe second plastic hinge is aptly described as a sagging hinge when
it occurs between midspan and the windward end of the girder. The com-
bination of leeward and sagging hinges transforms the girder into a sway
mechanism (Fig. 1.5(a») with vertical deflection determined by the
rotation of the joint at the windward end of the girder. The girder can
continue to "ride" with the swaying frame with no contribution, 'to sway
stiffness of" the. adjacent stories while ~ncreasing wind moments are redis-
tributed to other members.
The girder wind moment diagram in Fig. 1.4(k) indicated the
substantial leeward shift of the point of inflection when the girder sway
mechanism forms. It is obvious from a comparison of Figs. 1.4 (f) and
(k) that the portal and cantilever wind moment distributions are not
optimum.
The moment diagrams in Fig. 1.4 (g) and (j) may occur in the
middle levels of an unbraced multi-story frame, several stories below
the roof. In this region, at least some of the girder sizes will be
controlled by combined load rather than by gravity load. As we proceed
downward in this region, the-girder plastic moment capacities must
increase, and the sagging hinge in Fig. 1.4(j) shifts toward the wind-
ward end of the girder.
In the bottom levels of a tall unbraced frame, the sagging
hinge in some girders may reach the windward end of the girder as
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indicated in Fig. 1.4(m). This produces a girder panel mechanism
illustrated in Fig. 1.5(b). Again the girder can "ride" with the
swaying frame with large but not excessive vertical deflection, but
with no sway stiffness contribution.
In summary, the girder moment diagrams involve a gradual tran-
sition from Fig. 1.4(e) at the roof to Fig. lo4(j) at the bottom level
of a tall unbraced frame. The behavior illustrated in this figure forms
(6 20)the basis for the plastic moment balancing theory' for girders
presented in Chapter 5 of this study.
Although the girder wind moments change gradually with in-
creasing distance from the roof, this does not suggest that the moment
diagram for every girder on a given level will have the same form, at
ultimate combined load. In fact, frame stability and associated sway
stiffness considerations may result in different girder moment diagrams
and hinge patterns on the same level in the middle and lower story zones
of a tall unbraced frame, even when all girder spans and loads are
identical. This point appears to have been absent in some previous
plastic design studies 0
1.6 AN EXAMPLE OF INELASTIC SWAY BEHAVIOR
The incremental sway stiffness of a story, Kg = 5 HT/5 ~ (where
8 HT is a change in wind shear and 8 ~ is the corresponding increment of
sway deflection), which ,results from the successive formation of plastic
hinges in girders is aptly illustrated in the design example in Ref. 10.
This example inve~tigates the inelastic sway behavior at the 20th level
below the roof of a 24 story, 3 bay, unbraced frame des~gned by the
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plastic method. The data in Fig. 1.6 and Table 1.1 was abstracted from
this design example. The frame elevation, the wind shear versus sway
deflection behavior, and the sequence of hinge formation are indicated
in Fig. 1.6. Incremental sway stiffness calculations for the story are
given in Table 1.1. Row 6 in this table gives the story sway stiffness,
K , after each hinge forms and row 7 indicates the ratio of K to the
s s
elastic sway stiffness at working load.
The main points of interest in Fig. 1.6 are the reductions in
sway stiffness following the formation of plastic hinges, and the hinge
patterns at ultimate load and at the mechanism load. According to simple
plastic theory, a frame sway mechanism could occur with 8 column hinges
in the story below level 20 (a strong-beam, weak-column design), or with
6 girder hinges on level 20 (a strong-column, weak-beam design), or in a
more likely mixed mode involving at least 6 column and girder hinges at
level 20.
The first 3 hinges form at the leeward end of the 3 girders on
level 20, as expected. The sway stiffness of the story decreaseB rapidly
to 68, 34, and 15 percent of the elastic sway stiffness after these
hinges form. The story shear when the third girder hinge forms is 98
percent of its ultimate value. At this point the story is in stable
equilibrium (positive sway stiffness) at a sway deflection index, ~/h =
0.0045, which is only 1.67 times the working load value.
The fourth hinge occurs at the windward end of the center (m~st
stiff) girder. This girder is then reduced to a panel mechanism and its
contribution to the story sway stiffness is cancelled. The ultimate wind
273.38 (1.6)
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",SWAY STIFFNESS CALCULATIONS AT LEVEL 20 BELOW ROOF
(Fig. 1.6) from Ref. 10
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Working Hinge Hinge Hinge Hinge Hinge
Row Condition ---.... Load 1 2 3 4 5
1 Story shear ~ 114 t-J.rt~ 150 159 162 146 136
(kip,s)
2 Deflection Index 0.0027 0.0032 0.0039 0.0045 0.0050 0.0090 0.01
6./h
3 Sway D. (in. ) 0.39 0.46 0.56 0.65 0.72 1.30 1.44
4 5Q after hinge 20 9 3 -16 -10
(kips)
5 68. after hinge 0.10 0.09 0.07 0,.58 0.14
(in. )
6 Incremental Sway 293 200 100 43 -29 -71
Stiffness
K = 5Q/51::.
s
(kips/in. )
7 K /K WL 1.00 0.68 0.34 0.15 -0.10 -0.24s s,
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shear is reached when this fourth hinge forms at ~/h = 0.005, or 1.85 times
the working load sway.
Fig. 1.6 indicates that only one (leeward end) hinge develops in
:·the exterior girders at ultimate load and that no column hinges are formed
at this load. The ulitmate load hinge pattern at level 20 is restricted
relative to any possible hinge pattern for a frame sway mechanism.
Beyond !:llh = 0 .. 005 the sway stiffness is negative and the story
is in a state of unstable equilibrium. However, the story shear decreases
slowly with increasing sway and the fifth girder hinge does not form until
~/h reaches nearly 0.009. At this point the moments in column C below
level 20 have nearly reached M and the story shear has decreased to less
pc
than 90 percent of its ultimate value. Further sway of the frame occurs
under rapidly decreasing wind shear and is in the nature of a plastic
mechanism.
The combination of the p~ :effect and the incremental story sway'
stiffness reduction due to plastic hinges has two significant results in
the example in FigD 1.6~
(1) The ultimate story shear capacity is reach WITHOUT FORMING
A FRAME SWAY :MECHANISM.
(2) The frame sway mechanism forms at a LOWER STORY SHEAR and
a LARGER SWAY DEFLECTION than at ultimate loado
Thes~ results reflect the principle difference between the in-plane
behavior in the lower stories of an unbraced multi-story frame and the
assumptions of the simple plastic theory.
273e38 (1.6)
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Note that these results do not stem from p~ effects alone or from
plastic-hinge-induced sway stiff~ess reduction alone, but from the combina-
tion of these factors. This exp~~ins why ~~ effects are nil at working
load. Note also the rapid change in the incrementrl story sway stiffness
caused by individual girder plastic hinges. A cha~ge in the flexural
rigidity (EI) of one girder will change the story sway. stiffness but the
formation of a leeward plastic hinge in the girder appears to have a more
pronounced influence on the story sway stiffness 0 This suggests that if
reasonable preliminary design assumptions are made for p~ effects and the
ultimate load hinge pattern, the preliminary members will tend to provide
adequate sway stiffness and story shear capacityD
Strain hardening effects were neglected in this sway study, (10)
in the interest of simplicity, but their probable influence on the story
shear versus sway deflection behavior .in Figo 1.6 is qualitatively evident~
Once the fourth girder hinge has formed, strain hardening at some of the
earlier formed hinges would serve to increase the story sway stiffness
and to raise the shear versus sway curve~ This would tend to offset the
negative values of K for ~/h considerably larger than 0.0050 Even a
s
minimal amount of ductile cladding would have similar results 0 However,
secondary factors such as differential settlement, initial crookedness of
columns, shear distortion bf joints', local buckling, and column shortening
together with axial loads in the girders might al~o be active 0 Furthermore,
many of these secondary factors would tend to exert a greater influence in
the range of larger deformation on the descending branch than on the
ascending branch of the shear versus sway curveo The net result is that
the shear versus sway behavior beyond the ultimate load can be considered
as indefinite and unessential for many practical purposes.
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The sway behavior beyond ultimate load does have significance
in two respects. It serves to measure the ductility (capacity for de-
formation) and the reserve energy absorbing capacity of the frame. These
factors are related to seismic and blast behavior.
1. 7 INELASTIC COLUMN'S
The behavior of column C in this example (Fig. lQ6) is especially
interesting because this column exhibits substantial inelastic behavior
at ultimate load but does not reach a hinge condition. Note that wind
cause~ ~a considerable increase in the axial load on the leeward columns
C and D (35 percent for column C) and a corresponding decrease in axial
load in the windward columns A ,'and BoThe behavior of the leeward column
D would have been similar to column C, except that the plastic moment
capacity of girder CD on level 20 limits the moment in column Do Note
also that the windward and leeward roles of columns A to D are reversed
when wind acts from the righto
Column D illustrates the behavior of leeward columns in a
"strong-column, weak-beam" design in which the column moments are limited
to much less than M by the plastic moment capacity of the adjacentpc
girders. The behavior of column C is closer to that for the leeward
columns of a "strong-beam, weak-column" design in which the plastic
moment capacity of the girders does not limit the column moments.
The reduction in axial load on the windward columns forces these
columns into the strong-column, weak-beam category. It is evident that
the strong-column, weak-beam category could be used for both windward
;'l
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and leeward columns by increasing column sizes. When the column sizes
are decreased, it is unlikely that the windward columns could be
designed to fall'within the weak-column, strong-beam category (unless the
wind loads in the columns are small relative to the gravity loads) since
these same columns are leeward columns for wind in the opposite direction.
The column size is controlled by the leeward condition under combined
load,or by gravity load.
Thus the behavior of a frame- in wuich all columns are ift the
weak-column, strong-beam category is of little practical interest 0 In
addition, there appears to be little reason to demand that all leeward
columns should be designed to remain elastic in the strong-column, weak-
beam category if rotation capacity and lateral bracing requirements for
these columns are not excessive. The recent evidence reported in Refo
21 and Chapter 7 of Ref. 22 suggests that the rotation capacity pro-
vided by inelastic columns with a positive end-moment ratio (bent in
double curvature, q > 0) may be more than adequate to justify their
use in plastic design with reasonable limitations on the strong axis
slenderness ratio and required rotation capacityG
An equilibrium calculation in the deflected state shows that
column C below level 20 in Figo Iv6 carries a moment of Ov96 M atpc
ultimate load. This forces the ultimate load moment into the knee of
the moment versus end-rotation curve for this column and requires very
little rotation capacity while permitting substantial inelastic behavior.
It is pertinent to comment that column C resists a moment of 0094 Mpc
when the first girder hinge forms at 80 percent of the ultimate story
shear. This first hinge occurs in the 'girder on the windward side of
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column Co The change in moment in this column due to increasing story
shear is therefore limited in part by the adjacent girder hinge. Thus,
although the response of column C is definitely inelastic at ultimate
combined load, this column is on the fringe of the strong-column,.weak-
beam category. It is reasonable to expect a larger rotation capacity
requirement in column C if girder Be is increased tn size.
This study does not intend to investigate the behav"ior of
columns in the weak-column, strong-beam category nor to advocate their
extensive use in design practice. However the practice of controlling
sway deflection by increasing girder sizes suggests that this category
of column and girder designs is of practical interest 0
1.8' REMARKS ON PRELIMINARY DESIGN CRITERIA
Several ideas germane to a preliminary design method are evident
from the behavior described in Figo 1060 We may choose between two
basically different combined load criteria in preliminary design cal-
culations:
(1) The deflected state at the ultimate combined
10a8, ioe., the peak of the sway versus story
shear curve in Figo 1Q6 or,
(2) The deflected state when a plastic mechanism
forms under combined loado
It is clear from Fig. 106 that the second condition should use sub-
stantially larger sway deflections than the first but that the story
shear when a mechanism forms is definitely less than the ultimate
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story shear. However, the story shear reduction between the ultimate
and mechanism loads can be only roughly estimated in the preliminary
design stage.
It has been suggested (Art. 1302 of Ref" 6) that "a structure
should be analyzed (and designed) for a series of possible loading paths
or for a condition which is independent of the· loading pathso Formation ~
of the mechanism gives such a condition, although it may be rather con-
servative for some structures." The "conservative" nature of the
mechanism condition stems from the shear reduction after ultimate load.'
The mechanism condition has been used in many previous frame
design studies (discussed in Art. 2.2), in part because there is an
element of analytical definiteness and simplicity associated with a simple
plastic theory mechanism, and secondly, because simple methods dealing
with the ultimate load condition have not been available. However, the
indefiniteness of the shear versus sway ,behavior of a real frame beyond
the ultimate load condition does not lend support to the mechanism
condition as a design criterion~ The ultimate load condition is sug-
gested as a reason~ble alternative preliminary design criterion with the
provision that methods using this criterion should remain nearly as
simple as those which deal with the mechanism conditiono The plastic
moment balancing procedure for girders in Chapter 5 of this study may
be ~pplied to both the ultimate load and the mechanism load criteria
with only minor variations in the procedure~
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The design example reviewed in Fig. 1.6 clearly illustrates that
sway mechanisms do not occur in every girder on a level at ultimate com-
bined load. Only four of the six or more hinges required for a frame
mechanism at level 20 actually form before or at ultimate load.
Furthermore, only one of the three girders reaches a sway or panel
mechanism in the process. If we select the ultimate load as our pre-
The same is true of the
liminary design criterion, it is Dnecessary to consider restricted hinge
patterns in the girders. By restricted hinge pattern we mean that one
or more girders on a ~evel does not form a sway or panel mechanism at
ultimate combined load, although a single hinge may occur at 'the leeward
end of these girders.
A restricted girder hinge patte~n requires that the girder have
a larger plastic moment capacity than that needed for a girder
mechanism. Figure 1.4(g) illustrates the moment diagram for a girder
wit~ a restricted hinge pattern. Note that the maximum positive
moment Me is less than the plastic moment Mp '
maximum positive moments at ultimate load in the exterior girdersAB
and CD in Fig. 1.6. The ultimate load hinge patterns for these girders
are restricted.
The behavior illustrated in Fig. 1.6 suggests that when hinges
. have formed at the leeward end of each girder on one level, most of the
wind shear capaqity in the adjacent stories has been exhausted. This
assumed restricted hinge pattern (or another appropriate pattern) may
be coupled with assumptions concerning the ratio C = MC/Mp for each
girder, where Me is the maximum positive (sagging) moment (Fig. 1.4(g))
273.38 (1.9) -32
and M is the positive plastic moment capacity for a girder. Thesep,
assumptions together with others concerning the deflected state of the
frame and the distribution of wind moments to the girders at ultimate
combined load provide the information needed to estimate the required
plastic moment capacities for the girders and columns. This is the
essence of the plastic moment balancing approach to preliminary design
proposed in this study a
At this point some insight from the pen of Hardy Cross is
appropriate: (1)
"One of the most powerful methods of analysis is, in
a sense, no method at all - namely, to guess at a
solution and then see if it satisfies statics and
geometr,Y. The facility of guessing at solutions is
capable of great development. One of the chief
values of formal analyses is to aid in its develop-
ment 0"
This quotation is cited in response to reservations concerning the com-
pounding of assumptions 0 It also points to the need for more "formal
analyse.g rt ," like that in Ref 0 10 to aid in formulating complete and
substantiated design recommendations for restricted hinge patterns and
related assumptions _,"
Restricted hinge patterns may be considered as an approximate
device for sway deflection control at ultimate load. They provide a
~eans for considering the interrelated requirements of strength and
stiffness. Such requirements are not limited to the ultimate combined
(gravity plus wind) load condition~
Adequate strength and sway stiffness must be provided to carry
the factored gravity loads. Girders are frequently proportioned to
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form three-hinges plastic mechanisms under the ultimate gravity load.
It is evident that the girder hinges serve to reduce the sway stiffness
of an unhraced frame. If this reduction in sway stiffness is too
severe, an unbraced and unclad frame may collapse in an linelastic
sidesway buckling mode.
Sidesway buckling appears to be unlikely in the lower stories
of an unbraced, unclad frame because of the more demanding sway stiff-
ness requirements in this zone for com~ined loading. However, these
sway stiffness requirements are present in a much reduced degree in
the upper stories where wind load effects are smaller and sidesway
frame buckling seems to be more likely in this height zone. When sub-
stantial live load reductions, various code specified wind load patterns,
~ higher strength steel columns in lower stories, and the different load
~actors for gravity and combined loads are considered, the zone where
sidesway frame buckling under gravity loading is most likely, becomes
less clear cut.
Unbraced multi-story single bay frames are intuitively more
prone to sidesway buckling ,than multi-bay frames under similar gravity
loads. It has been suggested in a recent paper that intuition may be
misleading ~n this question if the increments of sway stiffness with
additional bays are not proportional to the additional gravity loads
. (23)
carried. Although approximate elastic energy methods were used
to estimate critical sidesway buckling loads in this paper the con-
elusions are at least qualitatively valid for inelastic sidesway frame
buckling. This is particularly true if all of the girders in the
additional bays form three-hinged mechanisms under ultimate gravity
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loads because these girders can contribute little increase to the sway
stiffness in adjacent stories.
Regardless of where it may occur, sidesway frame buckling may
be controlled by using appropriate restricted hinge patterns in pre-
liminary design for gravity loads. For example, if the maximum positive
(sagging) moments in one or more girders on a level, due to gravity
loads, are limited to say 0.9 times the positive plastic moment
capacity of the girders, most of the sway stiffness contribution of'
these girders is preserved at ultimate gravity load. It is felt that
current inelastic sidesway frame buckling studies will help to establish
the frame geometry and load parameters which may combine to make side-
sway buckling the critical failure mode under gravity loading. These
results should be of value in indicating when restricted hinge patterns
should be considered in preliminary design for gravity loads,
1.10 SUMMARY
This chapter describes the results of the p~ effect on the
ultimate strength under combined load of unbraced multi-story frames
and indicates a method for including the P6 effect in preliminary
design. The most effective device for 'controlling p~ effects is to
increase the size of girders because girder flexure is the major
factor which governs sway deflection.
The wind moments in girders which form plastic hinges are com-
pared with the girder moments according to the portal method of wind
analysis. A leeward girder hinge produces a more favorable
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distribution of wind moments than the portal method would indicate but
reduces the girder contribution to story sway stiffness. The redis-
tribution of wind moments is limited by the formation of a second
plastic hinge between midspan and the windward end of the girder. This
produces a girder mechanism and eliminates the girder contribution to
incremental story sway stiffness.
An example illustrates the facts that: (1) the ultimate story
shear is reached without forming a frame sway mechanism and (2) the
frame sway mechanism forms at a lower story shear and a larger sway
deflection than are present at ultimate loade The factors which combine
to determine the ultimate load are the PA· effect and plastic-hinge-
induced sway stiffness reduction. Each girder hinge causes a significant
reduction of incremental sway stiffness. The ultimate story shear is
reached when the incremental sway stiffness changes from positive to
negative.
To consider the interrelated requirements of strength and
stiffness at ultimate load it is suggested to use restricted girder
hinge patterns in the preliminary designo The maximum positive moment
is less than M in a girder with a restricted hinge pattern. Thep
combination of restricted girder hinge patterns and estimated PA
effects is proposed as a modification of the simple plastic theory to
approximately account for the in-plane frame instability phenomenon at
ultimate load.
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The essence of this discussion is that we should make reason-
able provisions for restricted girder hinge patterns and PA effects in
the preliminary design of the lower stories of an unbraced multi-story
frame. Members selected in the preliminary desi~n are then closer to
those found adequate in later design checks than would be the case if
frame stability effects are neglec~ed~
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2. PREVIOUS RESEARCH
2 . 1 EARLY CONTRIBUTIONS
It is revealing to note that plasticity concepts were tested
-37
and applied to the design of beams in several apartment type buildings
over 50 years ago, (24) and that the tangent modulus theory of in-
elastic column buckling has been available, but not fully accepted or
interpreted, for three-quarters of a century. (See page 463 of Ref.
25.) Information on the inelastic flexural stress distribution in a
mild steel beam was obtained in 1899 (Art. 302, Ref. 26). Recognition
,of ductility as a vital and simplifying factor in the design of steel
structures has been repeatedly advocated under many titles (limit,
ultimate strength, plastic design) for more than four decades (Refs.
27 to- 36, also see Ref. 3 and Appendix I of Ref. 25). At the beginning
of this period Kist stated that
"In the design of a redundant structure, it is
not necessary to use the equations of elasticity to
determine the redundants; it is only necessary to
assume values for them, any assumptions at all' but
preferably the most advantageous ones, provided such
assumptions are compatible with the conditions of
equilibrium." (27)
One might well append - "in a conservatively assumed deflected state" -
to this quotation in, recognition of inelastic instability effects. Nor
did instability inhibit the early application of limit design concepts
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to such a slender structure as the transmission tower - tested under a
50 percent overload - in 1910! (Refe 32 and Ref. 34, po 63)
Although much of the effort to extend plastic design concepts
to multi-story frames has been compressed into the last two decades,
progress in this field seems overdue and certainly not hasty or lacking
in precedent.
2.2 RECENT STUDIES
The potential advantages and logic of plastic design for tier
buildings were compared with conventional practice in a forward looking
paper at the beginning of this decade. (37) This paper provides a vital
perspective concerning design assumptions in practice which, in some
respects, "theoretically seem quite indefensible" but which "have given
entirely satisfactory service." The point is that theory may serve
to guide and improve design practice but should not, and does not, limit
design practice in matters of conflict between theory and experience.
Comprehensive surveys of the experimental basis for plastic
design and of frame stability investigations are given in Refso 38 and
39. A concise review of the numerous assumptio~s which have been made
in the analysis of unbraced multi-story frames is included in Chapter
13 of Refe 60
The term plastic moment balancing is used to describe the ap-
proach to plastic theory used in this studyo In the literature the
method is referred to as plastic moment distribution(40) (because it
is superficially similar to elastic moment distribution) or relaxation
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of yield hinges. (41) The versatility of the approach, particularly for
1 - f - -d f 1 t (18,26,42,43)mu tl-story rames, 18 eV1 ent rom severa tex So
Chapter 9 compares plastic moment balancing and plastic moment distri-
bution. Both of these methods employ equilibrium conditions, but in a
different manner.
Interest in a plastic approach to the design of unbraced
multi-story frames and in related stability problems is evident from
numerous contributions in the literaturec Many of these are listed and
compared in Table 2.1 whic~ includes contributions from four continents,
This table does not intend to be complete for this would require a
separate paper. Instead, the table groups similar contributions and
indicates how each group deals with selected facets of the unbraced
frame design problem. A blank entry in this table indicates a topic not
considered in the reference.
There is Some risk of incomplete description and interpretation
in Table 2.10 For example, Refo 46 considers plastic design concepts
for combined loads on unbraced frames, but is primarily concerned with
a subassemblage 'type design for gravity loadso The original papers
should be consulted before drawing conclusions 0 Nevertheless, the
comparisons in Table 201 indicate some of the trends apparent in previous
studies of plastic design methods for unbraced frames.
Table 2.1 compares various design methods on the basis of:
(1) method of analysis, and consideration given to; (2) p~ effects,
(3) inelastic columns, (4) restricted hinge patterns, and (5) the
criterion for combined load capacity (Art. 1.8). A variety of analysis
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TABLE 2.1
'COMPARISON OF PLASTIC DESIGN AND ANALYSIS METHODS
FOR UNBRACED MULTI-STORY FRA:MES
-40
Restricted Criterion
I Ref. Basic Girder for
t No. Method PI1 Inelastic Hinge Combined
e and of Effec ts Columns Patterns Load
m (year) Analysis Considered Permitted Considered Capacity Remarks
1 45 Combination Yes Mechanism Frame
(1952) of Plastic Point stability
...... Mechanisms hinges, not within"..
constant scope of
M paperp
2 40 Plastic Mentioned With Equili- Discussion
41 Moment reserva- brium and refers to
(1954) Distribution tions plastic a vari-
"1( moment tion of
conditions this method
in France
"40 years
agol!
3 46 Plastic Mentioned For weak Elastic Strong-beam,
26 Mechanism axis girders Weak-column
(1956) and bending
Subassemblage only
Mentioned No Girder Strong-
mechanisms column,
Weak-beam
4 47 First order Yes Mechanism Frame
(1956) elastic- Point Stability
plastic hinges, not within
analysis constant scope of
M paperp
5 48 Incremental Directly Yes Ultimate Computer
(1956) second order Point load analysis.
elastic- hinges, Includes
plastic constant column
analysis M shorteningp
effects
~~-~--~-~---~-~-~~-~
"Also described in several texts (Refs. 18, 26, 42, 43, 44)
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TABLE 2.1 (continued)
Restricted Criterion
I Ref. Basic Girder for
t No. Method P/1 Inelastic Hinge Combined
e c9: nd of Effects Columns Patterns Load
m (year) Analysis Considered Permitted Considered Capacity Remarks
6 49 Incremental Yes Dynamic Matrix
(1958) Dynamic behavior analysis
50 E1astic- computer
51 : Plastic program
(l96.,Q) Analysis
52
(1964)
7 53 Several Yes, ·With Yes Ultimate Inelastic
(1958~ inelastic strong load frame
analyses reserva- stability
tions study.
8 54 Model tests Yes Yes Partial Maximum 34 models
(1959) failure test load failed in
observed sway mode
9 16 Plastic Mentioned No, until Mentioned Mechanism Relies on
11 Mechanism ultimate in cladding
(1960) load discussion for
stability
10 9 Virtual work Mentioned Yes, Mechanism Avoids in-
(1961) deflection Point cremental
analysis hinges, analysis
constant
Mpc
I 11 55 Plastic Yes, Mechanism AISC Spec.
(1961) moment Point Formula
dist1;ibution hinges, (20)
constant controlled
M columnspc·
12 20 Plastic Direet1y, ·te.s Mechanism Suitable
(1961) moment ,using for manual
6 balancing initial or cornpute~(1965) sway ca1culati0~
estima:te
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TABLE 2.1 (continued)
Restricted Criterion
I Ref. Basic Girder for
t No. Method p~ Inelastic Hinge Combined
e and of Effects Columns Patterns Load
m (year) Analysis Considered Permitted Considered Capacity Remarks
13 56 Several . Directly Yes, Ultimate
(1962) elastic- Point load
plastic hinges,
analyses constant
Mpc
14 57 An elastic Directly No Elastic Considers
(1962) strength- with' stiffness stiffness
stiffness initial and in plane
approach sway strength and out of
based on estimate plane of
assumed frame
deflection
15 58 Incremental Yes Mechanism Matrix
(1963) first order analysis,
e1astic- computer
plastic program
analysis
16 59 Plastic Usi~g 'an Yes Mechanism Axial load
(1964) mechanism inverse Point stiffness
followed by iterative hinges, reductions
elastic routine constant nil in
inverse M example
iteration pc
17 60 Plastic Mentioned Yes Minimum Weight in-
(1964) mechanism Point Weight sensitive
and hinges, Mechanism close to
Plastic constant minimum
moment Mpc weightdistribution solution
18 8 Plastic Directly, Within Strongly Mechanism Relates
(19'64 ) virtual work with limits advocated including mechanism'
formulated initial in dis- p~ effect sway to
for swayed sway cussion working
frame estimate load sway
limit
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TABLE 2.1 (continued)
Restricted Criterion
I Ref. Basic Girder for
t No. Method P6 Inelastic Hinge Combined
e and of Effects Columns Patterns Load
m (year) Ana1ys~s Considered Permitted Considered Capacity Remarks
19 61 Plastic Using an No, Mechanism Computer
(1965) mechanism iterative Until program
with elastic routine ultimate used
amplification load
factors for
sway
20 62 Iterative Directly Yes, Nonlinear Ultimate Frame test
(1965) instantaneous With mornent- load reproduced
stiffness spreading curvature by computer
incremental inelastic relation
analysis zones enforced
21 63 Several Directly Yes, Ultimate Loads
-.....(1965) elastic- Using load applied at
plastic and equivalent joints.
inelastic stiffness Strain-
analyses for hardening
inelastic considered
range
22 64 Incremental Yes, Mechanism Matrix
(1965) first order Point formulation,
elastic- hinges, computer
plastic constant program
analysis Mp
23 65 Rigid Yes Mechanism Matrix
(1965) plastic formulation
24 6 Inelastic Directly Yes, Yes Ultimate Semi-
(1965) sway Spreading load graphical
10 subassemb1age plastic method of
(1966) analysis zones analysis
25 66 Iricremental Directly Yes, Negative Matrix
(1965) second order Point sway formulation
interative hinges" stiffness computer
e1astic- constant program
plastic M
analysis p
'-
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TABLE 2.1 (continued)
.,
Restricte~ Criterion
I Ref. Basic Girder for
t No. Method PA Inelastic Hinge. Combined
e and. of Effects Columns Patterns Load
m (year) Analysis C0~sidered Permitted Considered ~_a.pac-i ty Rema·rks
26 67 Model tests 'Yes, Yes, Partial Maximum 31 models
(1965) inter- fai1ur.e test failed in
action mechanism _ load sway ,mode
formula obsenred
pr'oposed
2.7 23 Elastic Frame
(1965) , -approxi- stability
mations stu,dy -
elastic
energy
approxi-
mations
28' 68 ,Model tests Yes' Yes Maximum Earthquake
(1965) test study.
load Repeated
load tests
29 69 Incremental Yes, 'Uncon- Column loads
(1966) first order Contincus trolled decrease
e las tic- reduction sway frame
plastic of M capacity
analysis pc
30 70 Plastic By Yes, Minimum "Iterative
(1966) moment increasing Point weight computer
distribu"tion wind shear hinges, mechanism solution
constant for
M · minimumpc
weight
31 71 Ite:t;.a:tive- Directly Yes, Diverging Iterative
(1966) second-order Slope- iteration computer
elastic- deflection program,
plastic equations includes
modified slope modified column
deflection for column shortening,
analysis hinges, effects
residual
stress
32 72 Second order Directly Yes, Negative Experimental(1966) elastic- Spreading sway verification.
plastic plastic, stiffness Large P/j
slope zones" effects
deflection considered observed
analysis approxi- in tests
mately
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methods are evident with some preference given to the plastic mechanism
approache Several papers combine the plastic mechanism method with an
assumption of elastic column behavior up to ultimate load (based in part
on concern for inelastic lateral-torsional column buckling). This
provides a solution to the design problem, but it is difficult to
evaluate the resul ts because little evidence is presented to ver,ify the
elastic column assumption.
There is nearly unanimous agreement on the need for considering
p~ effects indicated in Table 2el. However, well defined methods for
dealing with PA effects in ~reliminary design are not p1entifulQ
There seems to be no concensus of opinion on the use of in-
elastic columns in Table 2.1 although the work on inelastic columns
mentioned in Art. 1.4 is of sufficiently recent origin to restrict its
fullest evaluation by the structural engineering profession. Concern
for lateral-torsional instability and associated reductions in rotation
capacity has tend~d to discourage the use of inelastic unbraced columns
in plastically designed multi-story frames(8,11,26) unless the unat-
tractive conditions of elastic girders or weak axis column bending are
also retained. Article 1.7 suggests that a somewhat more liberal use·
of inelastic columns in double curvature m,ay be justified, pending
further study.
The value of restricted hinge patterns to control inelastic
frame stability has been stressed in several investigations, particularly
in discussion, as indicated in Table 2.1. Partial mechanisms have been
considered in many analyses, although not for the purpose of controlling
frame stability.
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Many investigations in Table 2.1 have used a p,lastic mecha~ism
as the design criterion for combined load. Only the more recent of these
studies have attempted to include PA effects along with the mechanism
criterion; using an iterative technique based on elastic column be-
havior in several studies (but omitting verification of the elastic
column assumption), and a sway deflection analysis to check initial sway
estimates in other studies. None of the investigations which use the
mechanism criterion for combined load have attempted to consider the
shear reduction between ultimate load and the mechanism load (Art. 1.8,
Fig. 1.6). Those studies which use the ultimate load as the design
criterion for combined loading are analysis methods in 'which the response
of a frame with known member sizes is investigated. No method of con-
sidering the ultimate load criterion in the initial selection of members
is included in Table 2.1.
2 .3 FRAME STABILITY INVESTIGATIONS
A comprehensive review of inelastic frame instability under
combined loads is given in Ref. 53, including the discussion of this
paper. Three examples are used to illustrate the concept of deteriorated
critical loads. Under the heading "Practical considerations and recom-
mendations" it is suggested that a "generalized Rankine" formula(73-75)
may be used to account for the sway stiffness deterioration caused by
plastic hinges. This frame stability design equation relates the
ultimate load capacity W under gravity or combined loading to two
u
different upper bound estimates of load capacity for an unbraced frame.
The upper bound load parameters are the simple plastic theory failure
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load W for gravity or combined loading and the theoretical elasticp
sidesway frame buckling (bifurcation) load W . The Rankine-Merchant
cr
equation empirically relates these frame load parameters .in the form
1 1 1
-=-+-W W W
u p cr
(2.1)
The usefulness of this equation in preliminary design depends on the
ability to estimate W before selecting members for the frame. Simple
cr
approximate methods for estimating W from known frame geometry and
cr
load parameters are proposed in Ref. 8 (paragraph 93) and Ref. 67
(Part 2). These estimates of W provide an indication of the possible
cr
reduction in ultimate load capacity W due to inelastic frame instability
u
at the beginning of the preliminary designe The simple plastic theory
failure load W can then be adjusted accordinglyo This recent prelim-p
inary design approach to the frame stability design problem deserves
further study.
The data ·in Figs.~ 31 and 32 in the discussion of Ref. 53 sug-
gests that the Rankine-Merchant formula (as interpreted in this refer-
ence) is a conservative lower bound for inelastic frame instability
effects but the scatter of data in these figures is revealing. The
comments in. Ref. 53, including discussion, concerning the contribution
of strain h~dening and shear resisting walls in the plane of an un-
braced frame, to the stability of·the frame are worthy of careful study.
The paper also calls attention to "the importance of putting limits on
the use of comprehensive mechanisms of collapse in tall buildings"
(the restricted hinge pattern idea):
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A pronounced scatter of data on a Rankine-Merchant frame
stability plot is reported in a recent refined inelastic stability in-
vestigation (Fig. 8, Ref. 76). However, most of the frames in this
investigation use rectangular rather than W shapes. It is interesting
to note that the best agreement between the theoretical ultimate loads
in this study and the Rankine-Merchant approximation is obtained for
those frames with larger horizontal loadsu
An improved design approximation for sidesway buckling of
unbraced frames under gravity loading is proposed in Ref. 77. The
choice of nondimensional parameters in this reference differs slightly
from those of the Rankine-Merchant formula and results in a much reduced
scatter of frame buckling data (Fig. 22, Ref~ 77)~ Rectangular portal
frames using identical W shapes for beams and columns are considered in
this reference, but the proposed design approximation is considered to
have wider application (Chapter 15, Ref. 6). The domain in which frame
instability causes no reduction in ultimate gravity load capacity is
clearly defined in Ref. 77~ This is a particularly valuable feature of
this contribution.
2.4 MULTI-STORY FRAME STABILITY MODEL STUDIES
Three testing programs which investigated the multi-story frame
stability problem using small steel models are included in Table 2.l~
A total of 66 unbraced multi-story model tests involving both gravity
and combined loading are reported in Refs~ 54 and 67. All but 10 of
these models were predicted to fail by forming girder gravity load
mechanisms according to simple plastic theory. However 65 models
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collapsed under reduced loads with the formation of frame sway mechanisms.
Usually the frame instability failure mechanism was isolated in the first
one or two stories at the bottom of the models 0 These model tests
demonstrate that inelastic frame instability is a definite possibility
for very slender unbraced and unclad multi-story frames. The columns
and girders used in the models had length-to-depth ratios on the order
of 30 and 60 respectively. These values are about 3 times the length-
to-depth ratios in multi-story frames of practical proportions. The
models were purposely made slende'r to promote frame instability failures.
The extrapolation of model stability test results to a prototype
frame of practical proportions is n~t an obvious or trivial mattera A
,Ii'
simple prediction formula relating the frame instability failure loads
of a model and a prototype frame is proposed in Refo 67. The prediction
relation is based on Eqe 2.1 and the assumption that plastic hinges
occur in the same sequence and the same locations in model and prototype
A dimensional analysis of the area, plastic moment, and flexural
rigidity (EI) ratios between prototype and model is included in Refe 67.
Several factors such as residual prototype column stresses, out-of-
plane deformation, and the stiffening contribution of model joints,
need c&reful consideration in interpreting frame stability model test
results. The demonstration that a small metal model can be proportioned
and tested to reasonably simulate the observed ultimate load behavior
of a full scale prototype frame would be particularly valuable 0
Frame stability design recomrr~ndations are proposed in Part 2
of Ref. 67. These design recommendations involve redefining W in
cr
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Eq. (2.1) using the modified Euler formula
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W
cr
2
TT EI
c (2.2)
The proposed empirical expression for h is ~ function of frame geometry
cr
and load parameters and the column base restraint condition9 All of the
data needed to estimate h is available at the beginning of the prelim-
cr
inary design. This leaves the column rigidity EI in Eq. (2Q2) and the
c
simple plastic theory failure load W in Eq. (201) as open preliminaryp
design parameters to be assigned.
2.5 DETERIORATED CRITICAL LOAD STUDIES
Many discussions of the deteriorated critical load concept for
dealing with elastic-plastic frame stability problems are available in
the British literature (R.efso 53, 73-75, 8, 11, 16)" This concept can
he carried to extremes (for example, Fig. 10 in the discussion of
Refs. 8 and 60) in an effort to dramatically demonstrate the results of
extensive hinge patterns on frame stabilityo While such demonstrations
serve a useful (but easily misunderstood) purpose, it is vital to keep
the inelastic frame stability problem in proper perspective by noting
that "any analyses or tests carried out in this s'ubject m,ust relate to
representative designs; unless this is observed it is easy to produce
evidence for or against catastrophic collapse merely by tinkering about
with stiffness ratios" (paragraph 34, RefQ 53) ..
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Description of Deteriorated Critical Load Concept
The deteriorated critical load concept intends to give a
~51
quantitative measure to the tendency for frame instability as plastic
hinges form under increasing gravity or combined loads. The plastic
hinges are replaced by true hinges which, neglecting strain hardening
effects, cause a deterioration of sway stiffnesso To measure this
changing stiffness, the elastic sidesway buckling loads or deteriorated
critical loads are evaluated for several similar hypothetical frames
with plastic hinges replaced by true hinges (M = 0)0 Hypothetical pro-
portional vertical loads are applied at the joints to replace the
proportional gravity loads ~n the real, partially plastic frame. Wind
loads are of course omitted in the buckling (bifurcation) analyses of
the hypothetical frames.
The purpose of the remarks which follow is to describe the ~
second order elastic-plastic combined load versus sway behavior of the
real frame and to relate this behavior to the deteriorated critical
~
loads for the hypothetical frames~ Based on these remarks, the dete-
riorated critical load concept is then review~d from the viewpoint of
load versus sway behavior under combined loading and under gravity
loading~
Elastic-Plastic Combined Load Versus Sway Behavior
It can be shown that the deteriorated critical loads are
horizontal asymptotes for the second order, elastic-plastic, load versus
sway curve in the range of small deflections for proportional combined
loading, because these critical loads correspond to a singular stiff-
ness matrix for the hypothetical frames (Ref 0 78). This is illustrated
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in Fig. 2.1 where W (n) indicates the deteriorated critical load (or
cr
proportional load parameter) for an unbraced frame with n hypothetical
hinges. While this figure does not pertain to a "representative design"
it does qualitatively represent the behavior of an idealized elastic-
plastic unbraced frame under proportional gravity-pIus-wind loading,
without indulging in an intricate, second order, mathematical
analysis. (67) The details of the frame are immaterial in this con-
ceptual discussion. The similarity between the sway behavior in Figs.
1.6 and 2.1 is evident, although different vertical axes are used in
these figures. To keep Fig. 2.1 simple, it is assumed that 3 hinges
are required to reach the ultimate combined load and that a fourth hinge
produces a rigid-plastic sway mechanism at a load which cannot exceed
(but which is frequently less than) the ultimate load. This assumed
behavior is quite similar to that described in Art. 106 for a
"representative design."
The load versus sway curve for the real frame (Fig. 1.7) is
built up from segments of the second order, elastic, load versus sway
curves for the hypothetical frames. (67) Each of the elastic sway
curves corresponds to a different hypothetical frame similar to the real
frame, but with plastic hinges replaced by true hinges. This reduces
the sway stiffness of the hypothetical frames (Arta 106). Constant
moments are applied at the true hinges to represent the effect of the
constant moments in the real frame. The only elastic sway curve which
passes through the origin is the one for the real frame with no hinges.
The remaining elastic sway curves are shifted because of the sway pro-
duced by the constant moments applied at the true hinges 0
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Each sway curve for one of the hypothetical frames under com-
bined load may he compared with the load-deflection curve for an elastic
flagpole with proportional vertical and horizontal loads plus a constant
moment applied at the top of the flagpole. The constant moment causes
an initial deflection of the flagpole which is similar to the sway of
the hypothetical frame due to the constant moments applied at the true
hinges. A series of flagpoles with different flexural rigidities are
needed to simulate the reduced sway stiffness of the hypothetical frames
as hinges form under increasing loads. Each flagpole has a critical
vertical elastic buckling load (Euler load) 0 As the proportional
vertical load at the top of the flagpole approaches the Euler load, the
horizontal deflection at the top increases rapidlyo The Euler loads
for the flagpoles are analogous to the deteriorated critical loads for
the hypothetical frames.
In the elastic range of Fig~ 201, before any hinges have
formed, the critical load asymptote is usually an order of magnitude
larger than the load on the real frame 0 As plastic hinges form under
increasing loads, the critical load asymptotes are depressed; each
asymptote corresponding to a particular hinge 'pattern with decreasing
sway stiffnessu
The critical load asymptotes are approached from below (seg-
ments 0-1, 1-2, 2-3 in Figo 2ul) on the ascending branch of the second
order load versus sway curve, and from above (segment 3-J) on the
descending branch of this curve 0 Although the load versus sway curves
are described as asymptotic (inferring large sway) the sway deflections
of the frame remain finite and within the limitations of the small
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deflection theory because new plastic hinges form with increasing sway
before the deflections become large. Finally, a sufficient number of
hinges form to produce a plastic sway mechanism (point J, Fig. 2.1).
The load versus sway curve then follows the second order rigid-plastic
mechanism curve which is asymptotic to the zero load axis under pro-
portional combined loads.
The comments in Art. 1.8 concerning the descending branch of the
load versus sway curve apply to Fig. 2.1 beyond the ultimate loadQ The
upward concavity of segment 3-J is evident in an analysis based on
idealized (point) plastic hinges~ If the analysis is refined to con-
sider finite, spreading, inelastic zones this upward concavity may be
masked, but then W decreases as the inelastic zones spread.
er
Evaluation of Deteriorated Critical Load Concept
Guides for interpreting the results of deteriorated critical
load calculations are considered next, first for the combined load case,
and second for the symmetrical gravity load case. These cases are then
compared to indicate their fundamentally different influence on frame
stability.
We may now ask - what information can be inferred from knowledge
of the deteriorated critical loads, W (n) alone, in isolation from sway
cr
data? First, if the hinge pattern used to compute W (n) is not the
cr
hinge pattern which actually occurs at a given stage of combined loading,
or something close to the actual hinge pattern, very little in the way
of valid conclusions can be obtained from the value of W (n) alone.
cr
We can only guess at the possible b~havior which might follow if the
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assumed hinge pattern could be realized. (This is exactly what is done,
for example, in the discussion of Refs. 8 and 60, and in the comments
concerning Fig. 19, in Ref. 53). Therefore we will assume that, in
addition to values of W (n), the correct hinge locations for a stated
cr
combined loading history are known or can be validly assumed.
Evaluation for Combined Loading
The following conclusions can then be based on W (n) alone
cr
for the case of combined loading:
(1) If W (n) exceeds the gravity loads on the frame
cr
(a) the sway stiffness is positive,
(b) the frame can support larger gravity and
wind loads,
(c) the gravity loads cannot exceed W (n), if
cr .
no consideration is given to strain-hardening-
induced stiffness contributions.
The load-sway coordinates for condition (1) are represented by points on
the curve 0-1-2-3 in Fig. 2.1.
(2) If W (n) is less than the gravity loads on the
cr
unbraced and unclad frame:
(a) the sway stiffness is negative.
But here we must stop~ Nothing definite can be said about whether the
frame can or cannot support the loads. In Fig. 2.1, the load-sway
coordinates for condition (2) are represented by points on the elastic
sway curve K-3-J. We cannot tell from W (n) alone whether the load-
er
sway coordinates are above or below the ultimate load at point 3. If
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the coordinates are below point 3 it is obvious that the frame can sup-
port the loads, with a different hinge pattern, on the ascending branch
of the load versus sway curve.
In other works, very little in the way of useful conclusions
can be inferred from knowledge of the deteriorated critical loads alone,
unless these loads exceed the required ultimate combined load. If
however we supplement the deteriorated critical load data with a step-
by-step, second order, elastic-plastic load versus sway investigation,
the values of W (n) becomes more meaningful as asympoteso The dete-
cr
riorated critical loads for the combined loading condition, considered
in isolation from sway data, are of limited value.
Note that when a kinematically admissible (complete or partial)
plastic sway mechanism forms under combined loading the corresponding
deteriorated critical load is always zero and the sway stiffness is
always negative. This is also true in the case where the rigid-plastic
mechanism curve intersects the rising load versus sway curve (that is,
point J coincides with point 3 in Fige 2.1)0 The fact that the deter-
riorated critical load W (mechanism) in Figo 201 is zero, most
cr
certainly does not mean that the frame cannot carry the combined loads
which cause the sway mechanismo There may be other reasons, such as
lateral-torsional instability or inadequate rotation capacity, which
may limit the frame loads to something less than the mechanism loads.
If these localized instability effects are provided for, -the frame can
carry the combined loads which cause the sway mechanism although it
may do so on the ascending (stable) branch of the load versus sway
curve, rather than the descending (unstable) branch of this curve 0
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Thus, design methods which use a mechanism as the failure
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criterion for combined load need not be rejected for reasons of frame
instability if complete recognition of FA effects is included. The
literature on deteriorated critical loads would lead one to conclude
otherwise. Note carefully that we have not said the mechanism
condition will be reached, but rather that the combined loads cor-
responding to the sway mechanism condition can be supported. It is
also pertenent to comment that the mechanism sway deflection (point J
in Figo 2.1) and the shear reduction from the ultimate to the mechanism
conditions may be substantial. Of course, the shear reduction is an
analytical rather than a real phenomenon under true gravity loading.
Evaluation for Gravity Loading
Consider now the case of gravity loading only. The deteriorated
critical loads may be interpreted in a somewhat different manner.
Assume, for simplicity, that the frame and gravity loads are sym-
metrical so that, at least initiallYj the gravity loads cause no
sway. As the gravity loads are increased, and plastic hinges begin to
form, the sway stiffness and the deteriorated critical loads decrease.
Unloading of the hinge at one end of a girder under incipient sway con-
ditions should be considered in estimating W (n).
cr
If we again assume that the hinge pattern used to compute
W (n) is at least close to the pattern which actually occurs at a given
cr
stage of gravity loading, the following conclusions may be inferred from
W (n) alone:
cr
(1) If W (n) exceeds the gravity loads on the frame:
cr
(a) the sway stiffness is positive,
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(b)
(c)
the frame can support larger gravity loads,
the gtavity loads cannot exceed W (n) if
cr
strain hardening effects are ignored.
-5.8
(2) If W (n) is less than the gravity loads:
cr
(a) sidesway frame buckling may be expected
under gravity loads not less than W (n),
cr
(b) the frame buckling loads may exceed W (n)
cr
if more hinges than are necessary for side-
sway buckling are used to estimate W (n)
cr
or if strain hardening contributes to the
sway stiffness of the frame~
Comparison of Gravity and Combined Loading
The deteriorated critical loads for the gravity load condition,
together with the known (zero) sway, do provide a useful indication of
the tendency for sidesway frame buckling. This contrasts with the
interpretation of deteriorated critical loads for the combined load
condition. The reasons for these contrasting interpretations are:
(1) The deflections caused by symmetrical gravity loads
do not contribute to the critical 'sway buckling modes
which correspond to the deteriorated critical loads,
while the converse is true for the combined load
condition.
(2) Frame instability under combined loading can be d~s-
cribed as amplification of wind induced,Bway, due to
the P6. effect and to plastic hinge sway stiffness
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reductions. But sidesway frame buckling under
gravity loads is a bifurcation process which is
fundamentally identical in nature to the behavior
considered in the calculation of the deteriorated
critical loads. Once these differences are
clearly understood, the interpretation of dete-
riorated critical loads can proceed on a sound
basis.
Conclusions
This review of the deterioratee critical load concept from a
graphical load-versus-sway viewpoint may be compared with the evalu-
ation using minimum potential energy principles in R.ef 0 74, This
reference concludes that,
·"The concept of the deteriorated critical load
clarifies thinking on the subject of elastic-
plastic instability of structures. It is how-
ever only of very limited assistance in the
actual calculation of failure loads, sirice the
deteriorated structure cannot be obtained un-
less a full elastic-plastic analysis has in
any case been derived 0 Moreover, if dete-
riorated critical loads are considered in isolation
from a complete analysis, misleading results may
be obtained." .
These conclusions are in complete agreement with the preceding discussiono
The comments in paragraphs 77 to 85 of Ref. 8 lend further support to
these conclusions. It is felt that these conclusions deserve renewed
emphasis, based on what are considered to be overly conservative
reservations in the literature for frame stability problems in
plastically desi.gned unbraced multi-story frames 0 While these problems
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cannot be ignored, neither should they be overemphasized to the detriment
of progress.
It is hoped that the evaluation of the deteriorated critical
19ad conqept from a load-versus-sway viewpoint (which is somewhat more
tangible and familiar to the engineering profession than minimum po-
tential energy) will help to further clarify the significance of this
concept. The reservations expressed here concerning the limitations
of the deteriorated critical load idea apply with equal force to the
alternative "degree of restraint" approach described in Ref. 53 and
previous papers. The degree of restraint approach to stability problems
for combined loads again involves neglect of load-versus-sway behavior
and the assumption of hinge patterns with no demonstration that these
patterns are statically admissible or a valid approximation of actual
frame behavior. We cannot object to assumptions per se but we do hold
reservations when the assumptions are unverified either by design
checks or by previous experience with well defined limitations.
The inelastic unbraced sidesway subassemb1age analysis
described in Refa 10 provides a much-needed method for checking
assumptions made in preliminary designa After some experience with
the restricted hinge pattern idea (Arta 109) and its limitations, it
should be possible to simplify the design check for sway to chart
form. This will provide a rapid and convenient method for handling
the frame stability problem in plastically designed, unbraced, multi-
story frames. It is this need for rapid and convenient methods which
has promoted interest in the degree of restraint idea and the deteriorated
critical load concept. While alternative methods of similar convenience
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remain to be presented, progress in the filed of inelastic instability
suggests that such methods will soon be available.
2. 6 Lm,p FACTORS
The load factors used to obtain required ultimate load
capacities from the working. loads have a direct bearing on the economy
and the overload performanc~ of a multi-story building~ Reference 53
comments that, "The presence or absence of warning of collapse must
decide the· load factor to some extent~tf This comment would appear to
penalize a frame which exhibits linear overload behavior followed by a
sharp knee in its load versus sway curve (Fig. 13, Ref. 53) simply
because the first hinges form at a load close to the ultimate load
capacity.
If the load factor is related (in a somewhat arbitrarily
defined hut very real fashion) to the probability of failure, varying
the load factor according to "the presence or absence of warning of
collapse" is a curious interpretation of this relationship. Some
precedent for this interpretation is found in Ref. 79 which indicates
that a "structure statically determinate and likely to give little
warning if collapse is approached" represents an adverse condition
which should be considered in assessing load factor requirements. Note
that a rigid frame is not statically determinate and that changing load
factors will change the ultimate load capacity but not necessarily the
nature of warning of collapse. The collapse condition may still occur
with little change in the degree of warning. Incidentally, the overload
serviceability of a structure which gives "little warning" of collapse
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may be superior to a companion structure with similar ultimate load
capacity which exhibits markedly nonlinear behavior and signs of
distress under small overloads. Consideration of a "limiting load
factor" to provide an adequate margin of overload serviceability is
also emphasized (in a subordinate role) in Refs. 79 and 8. The in-
elastic shear versus sway analysis method proposed in Ref. 10 provides
information for assessing the overload serviceability of an unbraced
frame.
This load factor issue is economically significant because
several later papers have suggested that substantially higher load
factors (up to 3.0) should be used for buildings with little or no
cladding, because of concern for frame stability, (8,16) and because
in some cases "the collapse load would then be astonishingly sudden,
and the load factor would have to be raised on that account as indeed
it was in the case of brickwork" (paragraph 92 of Ref. 16).
Larger load factors for materials with more variable prop-
erties, like brickwork, are certainly appropriateD But the extension
of larger load factors to a ductile and less variable steel rigid
frame, designed to carry loads without assistance from cladding, and
with full account taken of ins~ability (PA) effects, is considered in
the light of recent progress, to be an overly conservative reaction to
the frame stability problem.
The subassemblage approach to the inelastic wind shear versus
sway problem (Ref. 10) certainly removes much of the doubt concerning
frame stability under combined load conditions. It is anticipated that
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current studies of inelastic sidesway frame buckling under gravity
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loads (a limiting case of the combined load stability problem in which
the lateral loads vanish) will result in a similar degree of confidence.
If warning of collapse is considered important, then simple non-
structural devices to provide this warning could be developed and in-
stalled during construction, without sacrificing the economy of the
steel frame by using increased load factors. Incidentally, such devices
could provide valuable information on the working load behavior of
buildings if they are designed to measure wind induced sway acceleration
and vibration data.
An increase in load factors (ranging from 2.0 to 8.0) is
recommended for structures in which the composite action of the steel
skeleton and more variable cladding material (which may be interrupted
by doors and windows or which may be removed in renovation) are counted
upon to preserve the stability of the structure (paragraph 136, Ref.
53). These load factors gradually increase with the cladding con-
tribution but seem quite conservative in the lower range. A downward
trend in these composite load factor recommendations should be antic-
ipated as furthe~ information on the interaction between frame and
cladding, and methods for predicting this interaction, become avail-
bi (80,81)a eo
. (79 82 83)Progress 1n the study of struc~ural safety, " and the
trend toward changing load factors suggest that load factors should be
considered as open parameters in formulating a preliminary design
method. This practice is. followed in this studyo The load factors
assigned in a partic.ular design problem should obviously depend in part
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on the design criterion (ultimate load or mechanism load, Art. 1.8).
The minimum required load factors FIR = 1.70 for gravity load and
F2R = 1.30 for combined load are suggested in Ref. 6 with the under-
standing that the refined methods of inelastic analysis described in
this reference (or other methods of similar rationality) should be used
with these suggested load factors.
Part 1 of the American Institute of Steel Construction Specifi~
cation (Allowable Stress Design, Ref. 5) permits a 1/3 increase in allow-
able stresses for combined (gravity plus wind) loads. This empirical
allowable stress provision is carried over to plastic design by using
F2R = FIR/l.33. This load factor relationship is used in quoting
numerical values of preliminary design parameters throughout this study.
2.7 SCOPE OF THIS STUDY
This study describes the basis for the initial stage of a
plastic design method for unbraced multi-story frames. The objective is
a preliminary design including a complete bending moment, axial force,
and shear distribution for gravity loading and ·for combined (gravity
plus wind) loading. Member sizes are included in some of the numerical
e~amples, but the main emphasis is on obtaining the preliminary moment
distribution from initial frame geometry and load data. The design
checks and secondary design considerations which complete the total
structural design process are not included in this study, except by
reference.
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The preliminary design begins with the definition of initial
data in Chapter 3. The principal parts of the plastic moment balance are
concerned with frame statics, the girder plastic moment balance, and
the joint balance. These parts are described in Chapters 4 to 6. The
influence of base restraint on the plastic moment balance for bottom
story columns is considered in Chapter 7. Chapter 8 is concerned with
plastic moment balancing parameters and design objectives for girders.
A numerical example is included in Appendix 1 to illustrate methods
described in the text.
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3. PRELIMINARY DESIGN CONSIDERATIONS
,--6.6
This study is limited to one regular type of frame in the inter-
est of simplicity and emphasis on fundamentals. The principles can be
extended to other types of frames with appropriate modifications.
In this chapter the frame layout and loading assumptions are
described. Brief comments on load history and live load reductions are
included. Then the load combinations and preliminary design criteria
for an unbraced multi-story frame are given. The chapter concludes with
a statement of sign conventions and notation.
3.1 FRA:ME lAYOUT
The frames considered in this preliminary design study are
described as follows:
1. The frames have a rectangular profile. Columns extend
without offset from roof to foundation and girders
extend across the full width of the frame. Frames with
"missing" girders or columns or with column footings
at different elevations are excluded.
2. The girder elevations and depths on each level are
reasonably constant so that the girders may be assumed
to have a common horizontal centerline for the purpose
of structural analysis. The story height between
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levels is the distance between the common horizontal
centerlines of the girders. In the bottom story,
the story height 'is measured from the constant
elevation at top of footings. The story heights and
girder depths in adjacent stories may vary as required.
3. The distance between column centerlines in the plane of
the frame will be termed the bay width. The width of
adjacent bays may vary as required.
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4. The distance between adjacent frames, perpendicular to
the plane of the frames will be termed the frame spacing,
which may vary in any desired manner.
5. The frames and loads are considered to act in a single
plane. Biaxial bending of columns is not considered.
Lateral support for girders and columns is provided by
bracing or cladding to prevent out-of-plane deformation.
6. The girder-to-column connections are rigid in the sense
that they. will transmit the full plastic moment capacity
(with appropriate axial load reduction) of each member
without local buckling or excessive distortion.
7. No bracing or cladding is used in the plane of the frame
to resist horizontal sway in a story~
8. Individual girders have a uniform section.
9. The column bases may be pinned, fixed, or elastically
restrained in the plane of the frame.
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The term frame geometry will be used to describe the following
data: number of stories and height of each story; number of bays and
width of each bay; frame spacing; and base restraint conditions. It is
assumed that the frame geometry is completely specified at the begin-
ning of the preliminary design.
The frame ge~metry considered in this study is indicated in
Fig. 3.1. Sketch (a) shows a regular frame with unequal bays and stories,
which conforms to the frame geometry limitations stated above. Sketch
(b) indicates ten irregular framing features which are not considered
in this study. Most of these features could be considered with appro-
priate modifications in the statics conditions. Only the dimensions
indicated in Fig. 3.l(a) plus the distance between adjacent frames are
known when the preliminary design commences.
3.2 L~DS AND LOADING CONDITIONS
The loads considered in this preliminary design study include
the following items:
10 The girders carry uniformly distributed dead and live
loads.
20 Concentrated vertical dead loads may be applied at the
center of each joint from members which are perpendicular
to the plane of the frame. These joint loads are used
to account for walls and parapets. In addition, column
dead loads, including fireproofing, are applied as
joint loads at the top of each column 0
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3. Uniformly distributed wind loads are applied as
concentrated loads at floor levels.
4. Live loads originating from floors (but not the
roof) may be reduced as permitted by the live
load reduction provisions of the governing
building code.
5. All loads are assumed to be statically applied
without impact, repetition, or time variation.
6. The internal forces and moments in the frame are
assumed to be independent of load history for the
purpose of preliminary design.
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The influence of load history on the load-deflection behavior
and ultimate load capacity of an unbraced frame is qualitatively
described in Chapter 13 of Ref. 6. This reference indicates that the
application of ultimate vertical loads, followed by increasing wind
o
loads, may be expected to produce larger ultimate wind load capacities
than other loading sequences. Other investigators have suggested that
a loading sequence involving full vertical loading, followed by in-
creasing wind loading, should be considered to be more severe than a
proportional loading sequence. (61)
No quantitative demonstration of potential differences in ul-
tirnate load capacity resulting from different .load histories is avail-
able in the literature. However 3 this problem is under current study.
It is known that the deflections of an inelastic structure do depend on
the load history. Since deflections also influence the equilibrium of
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an unbraced multi-story frame, it is logical to expect some variation
in ultimate load capacity with different load histories. Unless sig-
nificant changes in ultimate load capacity can be shown to result from
different load histories, item 6 in the above list may be accepted as
a reasonable design assumption.
The principles involved in dealing with uniformly distributed
girder loads may be applied to any type of load distribution (Art. 1.5).
3.3 LOAD COMBINATIONS
The first step in the design is to establish or estimate the
dead, live, and wind loads on the frame. The ideas involved in this
load definition step are adequately described in several texts(2,l7,96)
and need no further elaboration here except to comment that load re-
quirements for a plastically designed frame are virtually the same as
those for a frame proportioned by allowable stress methods. In par-
ticular, the application of live load reduction factors is equally
'appropriate for each of these design methods. The fundamental basis
for live load reduction is the reduced probability of the simultaneous
application of full (code specified) live loads on large tributary
floor areas. (84) This basis is quite independent of the design method
used to proportion the frame. It should be noted however that some
authors have suggested various interpretations of how live load
reductions should be applied in a plastic design method. (8,16) The
live load reduction provisions in Sect. 3.5 of Ref. 85 are 'used in the
design example in Appendix 1 of this study.
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For the purpose of preliminary design, the gravity load com-
ponent of the column loads may be computed on the basis of tributary
floor areas. The wind load component of the column loads will be
discussed in Chapter 4. The sum of the dead load and the reduced live
load on a girder or column will be termed the working load.
The next step in the design is to consider the possible
loading conditions and design criteria which may control the required
member sizes, and to assign appropriate load factors to each loading
condition. The discussion in Chapter 1 suggests the preliminary
design criteria in Table 3.1. The load factors in this table are
taken from Ref. 6. The plastic design examples in that reference
provide some guidance in selecting controlling design criteria.
For instance, criterion Al governs the size of girders and columns
in the top 3 or 4 stories of the plastically designed unbraced frames
in Ref. 6. The remarks in Art. 1.8 apply to criterion B1.
Frame geometry parameters such as the number of stories,
number of bays, and the ratio of total height above a level to total
width of the frame at that level, will obviously have some bearing on
the domains for controlling design conditions 0 Frame load parameters
such as the ratio of total gravity load to total wind shear in a
story and the load factor ratio FlR/FZR will also influence the
domains for controlling design conditions. Domain equations which
combine frame geometry and load parameters are given in Refs. 16 and
61. Amplification factors for the P8 effect are also considered in
the domain equations of paragraph 17, Refv 61. Note that these
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TABLE 3.1
LOADING CONDITIONS AND PRELIMINARY DESIGN CRITERIA
FOR UNBRACED FRAMES
A. For gravity loads (including dead plus reduced
live load)
Required Load Factor FIR = 1.70
Design Criteria:
1. Adequate strength to carry the factored
gravity loads with the formation of
plastic mechanisms.
f. Adequate stiffness in each story to avoid
sway instability under factored gravity
loads.
B. For combined loads (including dead plus
reduced live loads and wind loads from either
direction in the plane of the frame)
Required Load Factor FZR -= 1.30
Design Criteria:
1. Adequate strength and stiffness to carry
the factored combined loads including PA
effects.
2. Adequate stiffness to control sway
deflection at the (unfactored) working
load level.
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equations are derived for a frame with equal bays and for a constant
load factor ratio F1/F2 = 1.25, neglecting live load reduction.
Domain equations or charts which identify controlling design
criteria are helpful when a preliminary design is worked out manually.
However, when the preliminary design is done by a computer, the more
direct approach of considering each design criterion in turn and
/
/
selecting the controlling criterion for each member can be used to
advantage. The direct approach is also more generally valid when
frames with unequal bays are considered or when restricted hinge
patterns and live load reductions are applied.
A primary concern in the design of unbraced frames is the
ability of the frame to resist horizontal (sway) deflection.
Resistance to sway in a story is conveniently measured by the sway
stiffness of the story as defined in Chapter 1. The columns in the
story and the girders on the levels above and below the story con-
tribute to the story sway stiffness. The preliminary design method
considered in this study does not involve direct consideration of
sway stiffness parameters. Nevertheless, sway stiffness for criteria
A2 and B1 in Table 3~1 may be anticipated by specifying appropriate
restricted hinge patterns at the beginning of the preliminary design
process~
An example of the frame geometry and load data needed to begin
a preliminary design is given in Table Al in Appendix 10
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3.4 NOTATION AND SIGN CONVENTIONS
A consistent and easily applied sign convention is used in
this study as follows:
End-moments, end-rotations, column chord rotations,
and column shear couples are p,ositive when clockwise.
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This sign convention requires that positive moments on a joint must act
in the counterclockwise sense. Compressive axial forces in columns are
considered positive. These sign conventions are illustrated in Fig.
3.2 where all forces, moments, and rotations are shown in their
positive directions. It is helpful to note that the column shear
couple,Qh and the column end-moments cannot all be positive for a
column in equilibrium. Horizontal wind forces are taken as pos.itive
when acting from left to right. Then a positive wind generally causes
a positive shear couple in most of the columns in one story.
~he subscript notation for moments in Fig. 3.2 is as follows:
A and B denote the left and right ends of a girder,
U and L denote the upper and lower ends of a column.
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To identify the joints and bays on one level of a frame, the
joints and bays are numbered from left 'to right. The levels and
stories are numbered from roof to foundation. Columns are identified
by the joint number above and girders by the joint number at the left
end. This numbering system is 'indicated in Fig. 3.1(a). Numerical
subscripts are enclosed in parentheses and separated by commas, with
joint or bay numbers given firs,t', in all double subscripts Q The
capital letters, I, J, K, and N are used to identify numerical subscripts.
This subscript system provides a simple transition from text
notation to computer compiler notation, and completely identifies
the members or portion of the frame considered in a formula. In
essence, the subscripts are a convenient and concise bookkeeping
device, The subscripts help to identify the many similar quantities
which describe the statics of a multi-story frame,
For example MA(J,I) and MB(J,I) are the end-moments on the
iirder in bay (J) on level (I), and
is the sum of the joint moments from the girders on level (1)0 It is
'understood that (J) goes from 1 to the number of bays in this sum-
mation. Similarly,
is. the sum of the joint moments for the columns in the story below level
(I) where (J) is understood to range from 1 to the number of joints on
leve 1 (I) 0
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This chapter considers equilibrium requirements fpr the joints
of a rigid frame and for the columns in each story of a frame. _First,
the effect on joint equilibrium of members with finite depth is in-
vestigated. Then, equilibrium between the column moments in a story
and the forces causing sway of the story is formulated. The story and
joint equilibrium conditions are next combined to establish girder
moment requirements. At this stage the moment balancing concept is
introduced to obtain sway moments for the girders 0 These sway moments
provide the starting point for the plastic moment balancing process
described in subsequent chapters. Finally, this chapter considers
methods for estimating the axial load in columns due to sway effects.
An important feature of equilibrium requirements for unbraced
frames is the influence of sway deflection on equilibrium. For this
reason, all equilibrium requirements are formulated in the deflected
state of the frame. It is evident that the frame deflections are
not known in the preliminary design stage. Neverthe~ess it is prudent
to include estimated sway deftection effects in the preliminary design
process. If reasonable sway deflection assumptions are used, the
members selected to carry the preliminary design moments will be better
able to provide for sway deflection effects than would be the case if
deflection effects are ignored in the preliminary design~
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4.1 JOINT .EqUILIBRIUM
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Ma?y tests of rigid frames and their components have demonstrated
that plastic hinges form outside of properly proportioned and braced
· · · b d 1 (86-91) h· h hJOlnts connectlng earns an co umnsQ T is lncreases t e strengt
and stiffness of the frame above that predicted by an analysis based on
centerline dimensions and members of zero depth 0 From the design view-
point, this finite joint size effect indicates that the frame members
may be proportioned for plastic moments less than the peak moment values
at the center of a jointo This does not mean that the forces within the
joint can be neglected in designQ
To consider the beneficial effects of finite joint size in a
design method, it is necessary to locate the critical sections which
define where controlling moments act in the connected members around the
jointo It is suggested that plastic hinges in welded rigid frame
girders be assumed to occur at a distance of the girder depth from the
column flange. (90) A somewhat more conservative procedure is to assume
that plastic hinges form in girders at the column flanges and in columns
at the girder flanges 0 Then both girders and columns are designed to
resist the moments which develop over their clear spans 0 This clear
span assumption will be used to locate the critical sections in girders
and columns in this preliminary design studyo
The strengthening and stiffening effects of finite joint size
are an inherent advantage of rigid frame construction which contributes
nothing to material or labor costSQ Nor is the' potential reduction in
member size a trivial matter as indicated in Figo 607 of Ref. 6Q The
use of clear girder spans has adequate precedent in the structural
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literature. Clear heights ,are advocated in the design of columns by
several authorso(6,17,92-97) Conservative estimates of girder depth
can be based on span-to-depth limitations for deflection or on previous
experience. Girder depths of 1/20 to 1/10 times the span are typical 0
Column depths are normally confined to a narrow range from say 10 inches
to 18 inches for W shapes. An assumed column depth of one foot is
frequently appropriate.
Fortunately, consideration of finite joint size in the prelim-
inary design process using the plastic moment balancing method can be
accomplished with little increase in design lahoro In the interest of
simplicity, the "depth" of a joint with different girder depths framed
into opposite flanges of a column will be assumed equal to the depth of
the smaller girder 0
Consider now the equilibrium conditions for joints of finite
size. The forces acting on an interior girder-to-column flange joint
in a rigid frame are displayed in Figo 4.1(a)o The joint is shown in
its deflected state consisting of a rotation Q., but shear and flexural
J
distortions are omitted 0 Axial forces from the girders are also
neglected on the assumption that these forces are small 0
The size of the joint is established by the smaller depth db
of the girders and the depth d of the column 0 The resultant of the
c
forces on each face of the joint includes a moment and a horizontal
or vertical shear force. These will be termed the end-moment and end-
shear for the connected members 0 The axial column loads above and below
the joint complete the freebody diagram in Fig~ 4ol(a)o The forces from
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members which frame into the joint in the plane perpendicular to the
diagram are omitted for clarity.
All forces and moments in Fig. 4.1 are shown in their positive
sense, according to the sign conventions and notation established in
Chapter 3. If the joint rotation Q. is small" equilibrium of moments
J
about the center of the joint gives
1 V + ~B +.1 d VBM - 2" de'A A 2 c
+ ML
I QL
1 Q, PL.. -d 2" db2 b J
1 QU
1 Q. Pu 0 (401)+~- "2 db 2" db =J
The terms P Qj db /2 include the moment on the rotated joint due to the
column loads. Example 1 in Appendix 2 illustrates that these terms
are rarely significant when compared with the moment capacity of the
columns.
In view of the small contribution of the P Qj db /2 terms in
Eq. (4,1) these terms will be dropped 0 This amounts to stating that
joint rotation may be neglected in formulating equilibrium for multi-
story frame joints of finite size, Although this is an accepted,
practice, no justification of this practice or indication of its
limitations is available in the literature.
To further simplify the joint equilibrium condition, it is con-
venient to group the end-moment and end-shear contributions from each
connected member in Fig. 4~1 in the form
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MjA = MA - VA dc /2
MjB = MB + VB dc /2
MjU =~ - QU db/2
MjL = ML - QL db /2
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These moments will be ~ermed the joint-moments for the connected members,
identified by the prefix subscript jo The joint-moments are the algebraic
sum of a member end-moment arid the member end-shear times the half-depth
of the jointo The moment center for the joint-moments is understood to
be the center of the jointQ
The moment equilibrium condition for the finite joint can now
be written in the conventional form
~his conventional repres~ntation of moment equilibrium for a joint is
illustrated in Figo 4~1(b)o The preceding discussion shows that this
conventional form of joint equilibrium is valid for joints of finite
size, with the assumption that axial load from the girders and columns
have a negligible influence on moment equilibriumo It is further assumed
that no eccentric reactions are applied to the joint by members which
connect adjacent frames 0 Obvious modifications of Eqo (4.03) are required
for joints with eccentrically framed spandrel beams 0
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Equilibrium conditions for a column will be studied with the
aid of Fig. 4.2. Figure 4.2(a) shows the web view of the column with
girders of depth dbU and dbL at its upper and lower ends. The clear
column height he ='h - (dbU + dbL)/2 is conservatively determined by
the girders with least depth in the plane of the frame. Figure 4.2(b)
shows the forces and moments acting on the deflected column between joint
centers and Fig. 4.2(c) gives similar information for the clear column
height. Free body diagrams of the column forces and moments on the 'upper
and lower joints are indicated in Fig. 4.2(d). It is assumed that the
'~
rigid girder-to-column-flange connections prevent bending of the column
within the joints in Fig. 4.2. All quantities in this illustration are
spawn positive, as defined in, Art. 3.4.
We are interested in equilibrium expressions for the horizontal
shear force Q and ·the end-moments MU and ML on the column in the de-
flected state 0 Consider first the shear force 0 From Figo 402(b) the
Jhorizontal shear force is
The shear couple Q db/2 on the joint freebody diagrams (Fig. 402(d)) can
be expressed as
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while moment equilibrium for these Joint diagrams gives
d
~ = MjU + Q bU + PyU2
'd
ML = M' L +
Q bL + PYL' J 2
(b)
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~re ~ = QjU dbU/2 and YL = 9jL dbL/2 are ~e sway within the joints.
Article 4.1 indicates that terms of the form Py = P Q d b /2 in Eq~ (b)
are small relative to the column moment capacity. However, it does
not. follow that the Py terms are small in comparison with the Q db /2
terms, which in fact may vanish 0
The expressions (b) for the end-moments can be simplified if
we assume
(c)
in evaluating the Py terms. Then combination of Eqso (a) to (c) yields
~ = MjU
1 dbU (MjU + MjL)- 2h
1 dbL
(4.. 5)
ML = M - --- (MjU + MjL)jL 2 h
since the PA and Py terms cancel. These results may also be obtained by
assuming that the column moments vary linearly betw'een the joint center-
lines.
The assumption used in Eq~ (c) permits us to estimate the in-
fluence of joint rotation on the column end~moments, MU and ML~ This
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assumption mayor may not lead to conservative column end-moments, but
in any practical situation the differences are trivial. Example 2 in
Appendix 2 illu~trates this fact. It is of inter~st to note that by
considering the finite joint size in Example 2, the required column
moment capacity is reduced from M at centerline of joint to (7/8) M at
face of joint. The resulting 12.5 percent moment reduction may permit
a reduction-in the column size.
Again we have arrived at results (Eqs. 4.4 an.d 4 .. 5) which
follow the accepted practice of neglecting joint rotation. The liter-
ature rarely treats the degree of approximation or the limitations of
these results. This leads to the valid but curious mixture of clear
span assumptions for proportioning girders coupled with total story
height assumptions for designing columns in some recent structural
publications.
4.3 STORY EQUILIBRIUM
There are three equilibrium conditions for each story of a
multi-story frame. The first step in formulating equilibrium in a story
is to determine the horizontal shear force due to wind loads above the
story. If H(I) is the factored wind load applied at level (I), the
total factored wind shear in the story below level (I) is
H.r(I) =I~~(I)
(I)
whereL indicates summation for all levels above and including level (I).
(r)'
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If we sum the shears from Eq. (4.4) for each column below level (I), then
shear equilibrium for the story requires that
~(I) =~q(J,I) =
(J)
(a)
~(I) I (MjU(J,1) + MjL(J,I» -(~)( )Ip(J,I)
(J) I, (J)
where P(J,I) is the f~ctored gravity-plus-sway load in the column below
joint (J) an9 Iindicq.tes summation over all columns in the story. The
, (J)
subscript (J,I) denotes the column below joint (J) on level (I)~ A
second condition of vertical equilibrium in the story gives
p -~p
T(I) -.L '\(J, I)
(J) (4.7)
where PT(I) is the total factored gravity load in the columns below
level (I). The resultant of the column sway loads is a moment couple
so the column sway loads cancel in Eq. (4.7)0 The third story equilibrium
condition, involving the overturning moment due to wind loads and the
resisting moment due to column sway loads and moments, is considered
in Art. 4.5~
It is conv~nient to introduce tile I?ymbol<L:Mc (I) for the
column moment sum in the story below level (I), so >that
Then from Eqs. (a) and (4.7), the column moment sum' is
I" I MC'(1) = - (H.r h (I) - (PT 1:::.) (I) I
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Although this equation involves moments, it is based on the horizontal
and vertical eguilibrium conditions for forces in the story. Note that
the total shear in the story is HT and not HT + Pr ~/h. This indicates
that the PA effect does not change the story shear but it does influence
the column (and girder) moments. The column moment sum computed from
Eq. (4.9) will be referred to as the story sway moment in the story below
level (I). The sway moment is the sum of the story shear times the
story height plus the total gravity load ab'ove the story times the story
sway.
The story sway moments are negative when the wind shear and
sway are caused by wind acting from left to right. Live load reductions
for the columns in the story are used to determine the total gravity
load, PT , in Eq. ,(4.9). An alternative procedure is to use the live load
reductions for the girders on levels above the story in estimating PT ,
However, the girder live load reductions do not reflect the reduced
probability of simultaneous live load on the tributary floor area for a
column.
A portion of the story sway moment is resisted at the upper end
and the remainder at the lower end of the columns in a story. This
represents a vertical distribution of the story sway moment. If DV(I)
is the factor defining the porti9n of the story sway moment assigned
to the upper end of the columns, then the column moment sums in the
'story below level (I) are
(4.10)
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at the upper "level (I), and
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(4.11)
at the lower level (I + 1). In these equations, DV is aptly termed the
vertical distrib~tion factor for the story sway m~ments. This vertical
distribution factor must be assigned in the range (0 < DV < 1) for
each story. The value DV = 005 is frequently used to assign half of
the story sway moment to each end of the columns. Once the vertical
distribution of sway moments is decided, the column moments sums in
Eqs. (4.10) and (4.11) are conserved in the plastic moment balancing
process.
The vertical distribution of sway moments is illustrated in
Figo 4.3 which shows the positive joint moments in two stories of a
frame. All of the moments in this sketch carry numerical subscripts
(omitted for clarity) and may have different values from member to
member. The story sway momentsI<Mc are shown at the left center of
each story. These sway moments are distributed, using the vertical
distribution factors in the triangles above and below, to the upper
and lower ends of the columns. This distribution gives the column
moment sums, \' M'U and"·" M'L' on the left in Fig. 4.3. It is obvious
,L J ,4 J
that some of the joint moments in this figure must be negative to
conserve equilibrium. Based on the deflected state shown in Fig. 1.3(a)
we may anticipate negative joint moments for most of the columns,
except the windward column, when wind acts from left to right.
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Chapter 6 discusses vertical distribution factors in more depth.
At this stage it suffices to comment that the portal and cantilever
methods of wind analysis use constant vertical distribution factors of
0.5. Other values of DV may be both possible and useful.
4.4 GIRDER MOMENT SUMS
We can now combine the joint and story equilibrium conditions
to establish moment requirements for the girders~ First we add the
'moment equilibrium condition, Eq. (4a4), for each joint on a level to
obtain
-LMjL(J,I-l) -'rMjU(J,1)
(J) (J)
(a)
where 2:MG(1) is the Sum of the girder sway moments on level (I). Then
Eqs. (4.10) and (4.11) give
(4.12)
The girder sway moment sum is obtained by adding the sway moments which
are distributed to level (I) from the adjacent storieso This girder
sway moment sum is conserved in the plastic moment balancing process.
It is helpful to note that if the SW?y moments in the stories above
and below a level are zero, under gravity loading, the girder sway
moment sum on that level must vanish~
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Some portion of the girder sway moment sum must be resisted by
each girder on the levelo This implies a distribution of moments to
the girders. If MG(J,I) is the girder sway moment and DG(J,I) is the
girder distribution factor, for the girder in span (J) on level (I),
then
M = M + M = D . ~.MG(J,I) jA(J,I) jB(J,I) G(J,I) L·" G(I) (4,13 )
When this equation is summed for each girder on level (I), it is apparent
that
Any set of girder distribution factors which sums to unity on a level
is statically admissible.
The horizontal distribution of sway moments to the girders is
illustrat~d in Fig. 403~ The column moment sums at level (I) are com-
bined to give the girder sway moment sum, 2:MG' shown to the left at
level (I) in this figure. Then the girder distribution factors, DG,
inside the triangles below the girders, are used to obtain the sway
moment, Eq, (4.13), for each girder. This sway moment provides the
starting point for the plastic moment balance for the girders,
The girder distribution factor for each girder on a level must
he assigned subject to the sum in Eq. -(4014)., Chapter 8 discusses
girder distribution factors in more depth. Here we may briefly comment
that the portal method of wind analysis used girder distribution
factors, DC' proportional to the bay width., Other values o~ DG are both
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possible and useful. The vertical and girder distribution factors pro-
vide a simple preliminary design device for specifying how the frame
components are to share in carrying the frame loads.
4.5 COLUMN SWAY LOADS
In addition to the horizontal and vertical equilibrium conditions
for a story, formulated in Art. 4.3, there remains the story moment
equilibrium condition. This condition considers equilibrium between
the overturning moment caused by wind and by sway-induced eccentricity
,,0£ the gravity loads above a level, and the resisting moment provided
by column moments and'axial loads.
tt
The axial load in columns under combined loading may be con-
sidered as the sum of two components. The first or gravity load component
may be estimated based on tributary floor areas and live load reductions
for a column, together with any dead loads applied at joints. The
second or sway component has no vertical resultant when summed over the
columns in one story. The sway components combine to give a resultant
moment couple in the story which is the major contribution to resisting
the overturning moment in the storyo
Derivation: Story' Moment EqUilibrium Condition
The story moment equilibrium condition will be described with
reference to FigQ 4.4 which shows the positive factored wind forces
H(I) and resultant factored gravity loads WeI) on four levels of an
unbraced frame. Also shown are the positive column moments MjU (J,4),
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the sway load components PS(J,4)' and the shears in the columns below
level 4. The resultant shear ~(4) below level 4 and the overturning
moment
MOT (4) = H(I) ~(l) + h(2) + h(3~ + H(2) E(2) + h(3J + H(3) E(3J
+ W(l)E(l) + 6(2) + 6(3J + W(2) ~(2) + 8(3J + W(3) E(3]
i
at level 4 are indicated in the bottom left corner of Fig~ 4.4G The
second line in this expression is the overturning moment due to sway
(a)
above 1eve 1 4. The total overt'urning moment must be balanced by the sum
of the column moments MjU(J,4) plus the resultant moment couple due to
the column load sway components, PS(J,4)' Using the symbol MCC (4) for
this resultant moment couple, (subsc.ript~ CC for column couple) the
story moment equilibrium condition can be written in the form
~(4) = ~C(4) +~MjU(J,4)
(J)
at level 4 of the frame in FigG 4~4, or in the alternative form
MOT (4) = MCC (3) + I MjL (J,3)
(J)
(b)
This alternative form eliminates the girder wind shears on level 4 and
indicates how different freebody diagrams may be used to formulate the
story moment equilibrium conditiono
Derivation: Column Sway Loads
Consider now the column loads Ps due to wind induced sway. The
column sway loads are similar to the flexural stresses in a cantilever
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beam. The girders of the frame act like the web of a cantilever in that
the girder shears due to wind cause axial forces in the columns. The
column sway loads are the algebraic sum of the girder wind shears. Thus,
PS(2,4) is the sum of the shears from the 8 girders in Fig. 4.4 which
frame to column (2) on and above level (4).
The column sway loads Ps on the windward side of the frame are
shown as tensile loads in Fig. 4.4 in accordance with elementary canti-
lever flexural behavior. However, if the exterior girders in this
figure are relatively stiff in comparison with the interior girders, then
PS(2,4) and PS(3,4) may be reversed, and the frame behavior may approach
to that of two single bay frames which are tied together by the interior
girders. Thus the cantilever method of wind analysis should (but in its
conventional form does not) consider the variations from elementary
cantilever fle4ura1 behavior which can result from various distributions
of girder wind shears in the bays of an unbraced frame.
The plastic moment balancing approach does provide a method for
considering the distribution of girder shears in estimating the column
sway loads. Figure 4.5 indicates how the shears in the girders framed
to joint (J) on level (I) may be determined from the girder distri-
bution factors DG and the girder sway moment SUIIlI MG(I) for level (I).
The girder sway moments for bays (J-l) and (J) are indicated above the
girders, using Eq. (4.13). The girder wind shears are obtained by
dividing the sway moments by the corresponding spans between column
centerlines as shown below the girders in Fig. 4.5. If 8 PS(J,I) is the
compressive increment of the column sway load in column (J) due to
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girder shears on level (I), then equilibrium in the vertical direction
for joint (J) gives
using the information in Fig. 4.5. The bracketed term in this equation
is a statically derived dimensional distribution factor which may be
positive, negative, or zero. This bracketed term will be referred to
as the sway load distribution factor for column (j), below level (I).
The girder wind shears in Eq. (4.15) are considered positive- when they
cause a count~rclockwise couple on the girders as shown in Figs. 4.4
and 4.5. Then positive girder sway moments cause positive wind shears
in the girders.
We can determine PS(J,I) by summing the increments from
Eq. (4.15). To simplify the result, we will assume that the sway load
distribution factors for column (J) are constant from the roof to
level (I). Then the column sway loads below level (I)' take the form
PS(J, I) = i(:G ) - (:G) ]I(~ MG(I)~ (J-l) (J) (I)
for each column (J). The bracketed sway load distribution factor in
Eq. (4.16) may also be considered as the weighted average of the
corresponding terms in Eq. (4.15). If more convenient estimates are
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acceptable, we may assume a value for the sway load distribution factor
in Eq. (4.16) based on the range of the girder distribution factors DG
for the girders on levels above the column under investigation. (See
Chapter 8.) It is helpful to mention that for the left hand column,
(J) = 1, and the first term in the brackets of Eqs. (4.15) and (4.16)
is absent. The last term in these brackets drops out for the right hand
column. If we sum Eq. (4.16) over the columns in one story, the result
is zero, indicating that the column sway loads have the required zero
vertical resultant.
Evaluation
Now we want to demonstrate that the values of PS(J,I) from
Eq. (4.16) satisfy the story moment equilibrium condition. First we can
use Eq. (4.12) to expand the sum in Eqe (4.16). For the frame in
Fig. 4.4, at level 4, we obtain
o
,--"-1
- - (1 - DV(l-l) I'MC(l-l)
- (1 - DV(2-l) I,MC(2-1) - DV(2) I MC(2)
- (1 - DV(3-l)1·,MC(J-l)- DV(3f1, MC(3)
- (1 - DV (4- 1) ) IMC (4 - 1) - DV(4) I M€ (4 )
(c)
Notice th.at the last term in each line of this equati'Qn cancels with
the DV part of the first term in the next line, so that ~q. (c) reduces
to
". '\~
3
-I I MC(I)
(1).=1 .'
(d)
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From Eqs. (4.16) and (d) we conclude that the column sway loads are
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proportional to the sum of the sway moments in the stories above the
story under consideration.
Next we use Eq. (4.9) to evaluate the first term inEq. (d),
and also substitute the column moment sum from Eq. (4.10) for the last
term. Thus we obtain
4 3" 3I~ (L'~G(:h)~·'I:(HT h)(1) +I' (PT8)(1) ~·LMjU(J;,4}.' (e)
(I)=1 ' ,', (1)=1 (J)."
Consider now, the first two stims on the right hand side of Eq. (e)., The
term I (H.rh) (I) is the first line of the overturning moment, Eq. (a).
We can manipulat~ the second sum as follows for the frame in Fig. 4.4:
3
I (PT,~)(1) =E(1)18(1) +~(1) + W(2J 8(2) + E(l) + W(2) + W(3~8(3)
(1)=1 '. '
Then the termI ~PT 8~(I) in Eq. (e) .is the same as the second line in
Eq •.(a), so we ob'tain from Eq: (4.16)
PS(J ,4) · f(,~G)' - (~G ) J~OT(4) -IMjU(J ,4: (f)~ (J-1) (J) 1: (J) ~
for each column (J) below level 4e
Finally we may compute the resisting moment due to the column
sway loads by using any convenient moment center 0 If we take moments
about the left hand column at level 4 in Fig. 404, the column loads,
PS (J,4)' give a moment of
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where Ps is positive when it causes compression, as in Eq. (4.15).
Using Eq. (f) this reduces to
MCC (4) = (DG(l) + DG(2) + DG(3)) ~OT(4)'".LM jU(J,4).L ~ (J) ~
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Since the girder distribution factors must sum to unity from Eq. (4.14),
we have verified that MCC (4) satisfies the story moment equilibrium
condition, Eq. (b), when the column load sway components are evaluated
from Eq. (4.16).
We have seen that the p~ effect changes the column and girder
moments but not the shear in a story. An additional result of the PA
effect is now evident. From Eqs. (4.16) and (e) it is apparent that the
column sway loads in each story include a cumulative contribution from
the P~ effect in every story above the one under consideration. While
this is intuitively evident, no demonstration of the cumulative axial
load contribution for an unbraced frame is available in the literature.
4.6 SUMMARY
This chapter explains how the girder sway moments
MG =MjA + MjB may be determined from known frame geometry and load data
'plus three additional groups of assigned parameters: (1) the sway
deflection index ~/h; (2) the vertical distribution factors DV' and
(3) the girder distribution factors DG, This completes the first major
part of-the plastic moment balancing process. An example of tabular
calculations :for the vertical and horizontal. distribution of sway moments
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is included in Appendix 1, Tables A3 and A4. The next step is to deter-
mine girder plastic moments and joint moments so as to conserve the value
of MG for each girder. This is the topic of Chapter 5.
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The fundamentals of plastic moment balancing for girders are
explained in this chapter. The discussion begins with consideration of
girder statics. Plastic moment conditions are purposely avoided in
this statics discussion. Then the conditions which form the basis for
the plastic moment balance are stated and described in graphical and
~lgebraic form. Consideration is given to girder mechanisms and to
restricted girder hinge patterns. The chapter concludes with a dis-
cussion of girder moment diagrams for gravity and for combined loading.
5 . 1 STATICAL RE;r.ATIONS
Our purpose in this article is to obtain non-dimensional statical
relations between the end-moments and the maximum positive (sagging)
moment for a girder. We also will find an expression for the girder
sway moment in terms of the end-moments. Statical relations for a
girder carrying a uniformly distributed load are obtained from Fig. 5.1,
which shows the distance L between column centers, the depth d of the
c
columns, and the clear span
L = L - dg c (5.1)
of the girder. If the columns at the left end, A and the right end B
are of different depth, it is reasonable to take d as the average column
c
depth. All moments and forces in Fig. 5.1 are shown in their positive
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sense and wind is assumed to act from left to right. This figure in-
dicates the total factored gravity load F w L , the positive girderg
end-moments MA and MB , the end-shears VA and VB' and the girder joint
moments MjA and MjB . Article 4.1 indicates that the joint moments
(5 G 2)
are simply a replacement for the combined effect of the end-moments and
shears on joint equilibrium. The end-shears
Fw L MA ,+ MB..
VA =
g +2 Lg
(5.3)
F w L MA + MB
VB =
g
+2 Lg
may be replaced in Eq. (5.2) to give the joint moments in the non-dimen-
sional form
(
_ MA +. MB ). d/L
4 2 M ,'l - d /Lpm .' c
(5.4)
M' B MB~=-+M Mpm pm )
d /L
-l-__c-dc-j-L
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The non-dimensiona1izing term
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(5 .5);6
is simply a convenient substitution for the known values of the gravity·
load, span, and load factor. Equation (5~5) may also be'regarded as the
minimum plastic moment capacity which is needed to carry only' the
factored gravity load. The maximum ordinate of the simple beam moment
diagram in Fig. 5.l(d) is 2 Mpm The required girder plastic moment
capacity always exceeds Mpm unless F = FIR for the gravity loading
condition.
The girder sway moment (Art. 4.4)
(5.6)
follows directly from Eqs. (5.1 and 5.4) in the non-dimensional form
= MG dcG M (1 - ~) =
pm
(5.7)
The horizontal distribution of sway moments in E~~ (4.13); gives the
girder sway moment MG(J,I) for span (J) on level (I). Once MG is known,
girder equilibrium is considered in isolation from the frame so numerical
subscripts are not needed. The moment ratio G is a function of the sway
moment distributed to the girder from adjacent stories, and the factored
#~h;-i~~d-f~~~~~-;-i~-E~;~-(5.5and 5.9) is to be interpreted
as an open parameter in Art~ 5.1 only. All other references
to M defined by Eq. (5~5) and R defined by Eq. (5.9) will
assu~W that F = F2R from combined load.
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gravity load on the girder. For convenient reference, G is termed the
sway moment coefficient for the girder. Note that Eq. (5.7) is stat·
ically derived and independent of plastic moment conditions.
Consider the statical relationship between the end-moments MA
and MB, and the maximum positive (sagging) moment Me. The results are
simplified by using the dimensionless moment factors
(5.8)
in place of the moments~ The non-dimensionalizing factor M may bep
regarded as any convenient moment value because we are concerned only
with. statics, exclusive of plastic moment conditions, in this article.
(Later we will consider M as a required plastic moment but we want top
avoid this connotation in the context of statical considerations, for
the reasons indicated at the end of this article.) The statical
equations which follow are further simplified by the dimensionless
facto~
~R = --- =Mpm
16 Mp
F w L 2
g
(5.9)~
which is a convenient substitution for the gravity load, span, and load
factor. The maximum ordinate of the simple beam moment diagram in
Fig. 5el(d) is (2/R) M .
p
~--------------------------
See footnote on EqQ (505)
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To find an expression for Me it is expedient to first determine
the distance X from the right end of the girder cross-section where the
maximum positive moment acts. Using the right hand freebody diagram in
Fig. 5.1(e) and n6ting that V = 0, we have VB = F w Xo But VB is also
. C
given by Eq. (503). Hence, by equating these two expressions for the
right end-shear and using Eqso (508 and 509) we obtain
X 1 R~ = 2 + (A + B) 16 (5.10)
g
This result is valid for any values of A, B, and positive R. Notice that
if X < 0 the maximum positive moment Me ,= -ME occurs at the right end of
the girder. The negative sign is needed here because a moment causing
tension on the bottom of the girder at the right end is ~ negative end-
moment according to our clockwise positive end-moment convention. On
the. qther hand, if X > t g then the maximum positive moment Me =+MA
occurs at th; left end of the girder as in Fi~~ ~04(m)0
If the maximum positive moment lies within the span (0 < X < L ),
~ . g
we: m,ay again refer to the right ~halld 'freebody diagram iri 'Fig. 4~1(e) to
h •
find M , using the known value of Xo Af'ter non-diI{lensionalizing we
'C ~
obtain the moment factor
c = B+~ (1 + ~. (A .+ B» 2R
C + A'+ ~ (1 - R (A + 'B)2= 8"' R
for - 8 < (A+ B) R< 8
(5.llb)
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which gives Me from Eqo (5.8)0 The bounds on (A + B) R follow from the
bounds on X. The left hand freebody diagram in Fig. 5Ql(e) gives
Eq. (S.llb).
The product (A + B) R in Eqs~ (5.10 and 5011) can be evalu~t~d'
from Eqs. (5.7 and 5. 9) with the result
(A + B) R = G (5 . 12)
Then, Eqs. (5.10 and 11) can be written, including the girder sway moment
coefficient G, in the form
x
---Lg
1 1
= - + - G2 16
(5 .14a)·
Ic 2'( G)'Z= + A + - l~--R ,,8
for - 8 < G <:= 8
Equations (5.14) are valid if the maximum positive moment occurs between
the ends of the girder. Once we have distributed the sway moments to
the girders, Eq. (5012 to 5014) can be used to estimate the girder
moments as a function of one of the end-moment factors, A or Bo
Equations (5.10 and ~.1~) represent statical relations between
the five parameters A, B, C, R, and X/L. Given three of these para-g
meters we can find the remaining two from Eqo (5010 and 5011) or the
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alternatives:
For 0< (C + B) R< 8
()i 1)A = - B+~ (C + B) R -R
!- =)1- (C + B) RL 8'
g
For 0< (c - A) R< 8
(Ji (C - A) 1)B = - A - 8 R -..,..R
X
L = 1
-J1 (C - A) Rg
(5 .15)
'(5 . 16)
These statically derived expressions involve R and pairs of values of A,
B, and C on the right hand side. If A,: B, and C are known and
o < X < L , we can find R fromg
R = 16 (c -i (A B) - J(C - A)(C + B) i ,),
(A + B)2
(5 . 17)
if (A + B) :f 0
These equations are recorded here for convenient reference. The plastic
moment balancing process uses Eqs. (5.10 to 5.17) but in a simplified
form.
Note that we have not enforced any plastic moment conditions
on the girder moments in this statical discussion. (Plastic moment
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conditions are applied in the next article.) This means that all of
Eqs. (5~1 to 5.17) may be applied at any load level, including working
load.
For example, if estimates of the girder sway moment coefficient
G, and one end-moment factor A or B, are available at working load
(F = 1 in Eqs. (5.5 and 5.9», we can use Eq. (5.14) to obtain the
statically defined maximum positive moment factor C. Then Eqs. (5.15 or
5.16) completely define the girder moment diagram at working load f We
may use this diagram for deflection calculations or for secondary
design checks.
For a second example, we may need the length of the negative
moment region ,. X . in Fig. 5.1 (d), to check lateral bracing requirementspl.
for the bottom flange of a girder. The right hand freebody diagram in
Fig. 5.l(e) may be used to establish that
x .
--E1:.
Lg
x
=-
Lg
(5 . 18)
for (0 ~ X < L ).g The value of X at any load level may be obtained
from the statical equations in this article by properly choosing the
load factor F.
Table 3 .1 indicates that either gravity loading or combined
loading may control the size of a particular girder. In addition to
the girder moments for the governing loading condition we also need the
girder moments for the other noncontrol1ing load because these latter
moments may be critical in the design of girder cutouts and splices or
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of adjacent columns. This may happen for instance when the noncontrolling
girder moments result in an unfavorable column moment gradient. The
statics relations in this article are of value in estimating girder
moments for the noncontrolling loading condition. This is the most
cogent reason for considering the girder statics without reference to
plastic moment conditions. Girder moments for noncontrolling loading
conditions are considered in Art. 5.4.
5.2 PLASTIC MOMENT BALANCE FOR GIRDERS
The discussion of girder moments in Art. 1.5 (Fig~ 1.4) and
the statics equations in Art. 5.1 may be blended to give a method for
balancing the moments in ~ girder, while Gonserving the girder sway
moment. We will assume that the girder has a constant plastic moment
capacity M along its length. Then the moment factors A, B, and C inp
Eq. (5.8) are the ratios of the girder moment to the plastic moment.
These moment factors are bounded by -1~ (A, B, C) ~ + 1,· if we
neglect potential strain hardening effects.
In the definition of the dimensionless load parameter R, Eqo
(5.9), we will take the load factor F to be either, the required load
factor FIR for gravity loading, or F2R for combined loading. If, under
factored gravity loading with F = FIR' the girder forms a three-hinged
mechanism, then -A = B = C = +1 and R = +1 from Eq. (5.9)0 This is a
lower bound for R under gravity loading (R~ 1), because the girder must
be at least strong enough to carry the factored gravity load FIR W Lg .
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condition (1).
We are primarily interested in the girder moments for the com-
bined loading condition. The moment balancing problem for combined
loading may be described in graphical form with reference to the moment
diagram in Fig. 5.l(d). The statically determinate part of this diagram
is fixed by the known factored gravity load F2R w Lgo Our problem is to
locate the redundant fixing line (Art. 1.5) with three conditions in
mind:
Condition (1)
-
llie end-moment sum MA + MB must conserve
the girder sway moment MG assigned in
the sway moment distribution (Art. 4.4).
Condition (2)
-
The plastic moment must not be exceeded
at any girder cross~sectionD
Condition (3) - The plastic moment should be the minimum
~equired to support the factored gravity
load plus the assigned sway moments.
Suppose we start with an arbitrary horizontal fixing line,
shown dashed, in Fig. 5.l(d). If MG is positive (wind from left to
right), we must rotate the fixing line clockwise until the end-moment
sum MA + MB = MG (1 - delL). In effect, this determines the slope of
the fixing line. Any fixing line with the required slope satisfies
Condition (2) is also satisfied if we take M as thep
maximum vertical distance between the statically determinate moment
diagram and any fixing line with the required slope. If we consider
a family of parallel fixing lines with the required slope, one and only
one of these lines will give equal maximum moments at two girder
273.38 (5.2)
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Gross-sections. This uniquely defined fixing line satisfies all three of
the above conditions and serves to balance the maximum girder moments.
Hence the description, plastic moment balance.
We are justified in locating the redundant fixing to satisfy
conditions (1 to 3) if the girder provides sufficient rotation capacity
. to permit redistribution of the girder moments. Secondary design checks
which guarantee adequate rotation capacity must be applied in this as in
any plastic design method (Refs. 3 and 5).
Briefly stated, the plastic moment balance for a girder is the
statically derived process of locating the redundant fixing line to
satisfy an assigned girder sway moment and the minimum plastic moment
condition.
The plastic moment balance may be stated in algebraic terms by
assigning values for two of the three moment factors A, B, C in Eq.
(5.8). If the girder has a constant plastic moment capacity along its
length the plastic moment condition is satisfied for any values of A,
B, C within the bounds
-
1 < A. < 1, - 1 < B< 1, - 1 < C < 1
These bounds may be combined with one of the conditions:
B = C = +1 and -1,< A < 1
or
-A = C = +1 and ,..,.1 < B < 1
or
A = B = +1 and C = A
or
A = B = -1 and C = -B
(5 .19)
(5 .20a)
(S.20b)
(5 ~ ZOe)
(5 .20d)
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to give equal plastic moments at two girder cross~sections. Moment
diagrams for each of Eqs. (5.20) are shown in Fig. 5.2.
Cases (a) and (b) in Fig. 5.2 may be applied to girde~s in the
middle level zone, several floors below the roof of an unbraced frame.
In this height zone, the sagging plastic hinge at C normally occurs
between midspan and the leeward end of the girder, causing the girder
sway mechanism in Fig. 1.5(a). Cases (c) and (d) in Fig. 5.2 may occur
on the bottom levels of a tall unbraced frame. Here the sagging plastic
hinge moves to the windward end of the girder. Cases (a) and (c) cor-
respond to wind from left to right.
Plastic Moment Envelopes
It is useful to describe the girder plastic moment balance in
graphical form, using plastic moment envelopes. The dashed curves in
Fig. 5.2 are termed positive plastic moment envelopese The positive
plastic moment envelope for a girder with uniform plastic moment
capacity M is obtained by translating the statically determinate,p
simple span, gravity load moment diagram upward through a distance M .
P
,If the plastic moment capacity varies with distance along the girder,
this variation determines the local distance between the statically
determinate moment diagram and the positive plastic moment envelope.
The significance of the positive plastic moment envelope is
evident from the following facts: (1) Any redundant fixing line
.(Art. 1.5) which is everywhere below the positive plastic moment envelope
yields maximum positive girder moments which are l~ss than Mp ' (2) If
the fixing line is tangent to the positive plastic moment envelope, the
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maximum positive girder moment Me = Mp at the point of tangency.
(3) The fixing line cannot cross the positive plastic moment envelope
because this would violate the yield condition of simple plastic theory,
These facts follow from the idea that the moment at any girder cross-
section is the vertical distance from the statically determinate moment
diagram to the redundant fixing line.
To complete the envelope concept, we can plot a second negative
plastic moment envelope by shifting the statically determinate moment
diagram downward through a distance M, (Note that the different pos-
p
itive and negative plastic moment capacities for a composite girder
should be considered in establishing the positive and negative plastic
moment envelopes.) Any straight line which does not cross the positive
or negative plastic moment envelopes is an admissible redundant fixing
line, satisfying the equilibrium and yield conditions of simple plastic
theory. Plastic hinges may form at points where the fixing line touches
a plastic moment envelope 0 This is illustrated in Fig. 5G2. This figure
is concerned with girders of uniform section so negative plastic moment
envelopes are not needed. Note that as the plastic moment cap~city
of the girder increases, the positive plastic moment envelopes shift
upward and permit a larger inclination of the redundant fixing line,
thus giving a larger girder sway moment capacity 0
If graphical methods are preferred, the plastic moment envelope
approach provides a generally valid method for performing the plastic
moment balance. Any distribution of gravity loads and variation of non~
uniform plastic moment capacity may be effectively considered in a
g~aphical plastic moment balance.
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If the sagging hinge, occurs within the span- as in Fig. 5.2
(a and .b) ,- the limi.~s on Eq'o (5.14) ip.dicate that the sway moment coef-
ficient G is bounded'by
-8<G<8 (5 .21)
The upper limit corresponds to the bound between case (a) and case (c)
in Fig. 5.2. If G exceeds these bounds then the girder forms a sway
mechanism with plastic hinges at each end under combined loading, Thus-,
it is a simple matter to distinguish between the hinge patterns and
mechanisms in the upper and lower parts of Fig~ 5.2.
We may now find the plastic moment capacity required for ,each
of the combined load conditions in Fig. 5.2 by solving certain of the
statics relations in Arto 5.1 for R and using M = R M from Eq. (5.-9).p pm
For example, consider Fig. 5.2(a) and the corresponding plastic moment
factors in Eq. (5.20a). Substituting these factors in Eq. (5,l4a) and
solving for R gives
I R = (1 + G/8)2 for O· < G. < 8 .1
The upper bound on R is then R. < 4~ A lower bound on R will be obtained
later. If we repeat this process using Eqs. (5~l4b) and (5,20b) we
obtain I
R = (1 - G/8)2 for -8 < G < 0 (5 .22b)
for the moment diagram in Fig. 5.2(b). Note that Eq. (5.14) is used here
because the maximum positive moment occurs between the ends of the girder.
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Equation (S.12) may be applied when the maximum girder moments
occur at the ends. Then the plastic moment factors in Eqs. (5~20c, d)
yield
I R= G/2
R = .,.G/2
forG > .81
for G < -8
(5 .22c)
(S.22d)
which correspond to cases (c) and (d) in Fig. 5.2. It is obvious that
Eqs. (5.22b and d) are redundant if we replace G by its absolute value
in Eq. (5.22a and c).
Now consider the lower bound on R for. combined loading. On
the levels near the roof of an unbraced frame the plastic moment capacity
of the girders ~y be controlled by ~e factored gravity load FIR w Lg .
Then Mp = FIR w Lg
2/16 is the required plastic moment capacity. If we
use this value of Mp in Eq. (5.9) with F = F2R for the combined loading
condition we obtain
(5 .23)
where the subscript LB denotes lower bound. The value of R for the
combined loading condition cannot be less than ~B because the girder
must have at least the moment capacity required to carry the factored
gravity load. For the required load factors FIR = 1.70 and
F2R = F1R/l.33, the lower bound on R for combined loading is RLB = 1.330
Thus to determine the required plastic moment capacity for a
girder of uniform M , consistent with an assigned sway moment coef~p
ficient G, we may use Eq. (5.22) to find R for the combined load
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condition. If R> EL B, then M = R M is the required plastic moment-~L p pm
as controlled by the combined load. But if R < ~B' then Mp =~B Mpm
is the required plastic moment as controlled by gravity loading.
In the context of this plastic moment balancing discussion,
the value of R from Eq. (5.22) indicates both the controlling loading
condition and the girder mechanism for the controlling loading condition.
For this reason, R as determined from Eq. (5.22) is aptly termed the
mechanism factor for the plastic moment balance. The mechanism
factors are associated with the corresponding moment diagrams in
Fig; 5.2.
It may be noted that if F2R,> FIR (as suggested in Ref. 8),
Eq. (5.23) gives l\B< 1. Then any nonzero value of G in Eq. (5.22)
gives R > 1 > ~B and combined loading controls the design of all
girde~s. This idea serves to simplify the preliminary design but it
will not be persued further in this study because it appears to be an
uneconomical and unnecessary procedure 0
Normally, the load factor ratio in Eq'. (5023) gives a value of
~B < 4. Then we may distinguish three cases which govern the value of
M in terms of R fr~m Eqo (5~22);p
Case I;
Case II;
Case III;
The moment diagrams in Fig. (5.2a and b) belong to case I in which the
maximum positive moment at the sagging hinge occurs between the ends
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of the girder. Case II is associated with Fig. (5.2c and d) where the
sagging hinge occ4~s at the windward end of the girder. Case III is
obtained when 'gravity loading controls M .
P
Design Chart for Girder Mechanisms
i
A graph of the mechanism factor R = M 1M versus the swayp pm
moment coefficient G·= (MG/M ) (1 ... d IL) is given in Fig. 5.3 whichpm c
applies to girders with uniform plastic moment capacity. The value
~B = 1.33 for the required load factors FIR = 1.70 and F2R = FIR/1.33
is indicated on the vertical axis. The corresponding value of
for ~B::S R ::s 41 (5.25)
f~om Eq. (5.22a), is G = 1.24. The domains for the mechanism factor
cases which control M , as defined in Eq. (5.24), are indicated in the
, p
insets together with the corresponding girder mechanisms. Equations
(5.22a and c) give the curve in Fig. 5.3 which consists of a parabola,
with vertex at (G = -8, R = 0), in the domain 0 > G > 8; and a linear
, - -
tangent with slope dR/dG = 1/2 in the domain G > 8.
If G and R fall within the dashed rectangle defined by ~B in
Fig. 5.3, then the required plastic moment capacity Mp = ~B Mpm is
controlled by gravity loading and the maximum sway moment capacity of
the girder can be found from Eq. (5.25) with R = ~B' If G or R fall
outside of the dashed rectangle, then the required plastic moment
capacity M = R M , is controlled ,by combined loading.p pm
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Figure 5.3 considers positive values of the sway moment coef-!
ficient G for wind from left to right. The graph of R versus G for
negative values of G is ~he mirror image of Fig. 5.3, reflected about
the vertical R axis 0 The same mirror image idea also applies to the
moment diagrams in Fig. 5.2. In mathematical terms, the mirror image
corresponds to using the absolute value of G in Eq. (5.22).
We may use Fig. 5.3 in two different ways. First we can find
the plastic moment required to resist known uniformly distributed
gravity loads plus sway moments by entering Fig. 5.3 with the sway
moment coefficient G = (MG·1M ) (1 - d /L). ,The curve gives thepm c
mechanism factor R from which we find M = R M Second, we may findp pm
the sway moment capacity MG for a girder with known Mp and gravity loads,
by entering Fig. 5.3 with R and finding G. In either case, the governing
loading cOhdition, and mechanism are immediately evident.
When combined loading controls ,M" , we may define an effectivep
load coefficient FIE> FIR such that
(5 .26)
Thus FIE Plays the r,diLe ,;of, a load fac tor which however has only a
superficial relatiOri~O the required gravity load factor FIR' We may
relate F1E;to the mech,~l1:ism':factorR using Eq. (5.9) with F = F2R for
combined loading, in :the form:
(5 .27)
The effective load coefficient idea is included here to show how the
description of plastic moment balancing in this article is related to
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the work in Ref. (70) and Chapter 14 of Ref. (6). The parameter FIE
seemed appropriate in the initial work on plastic moment balancing
(Ref. 20) but it can lead to some confusion between required gravity
load factors and effective load coefficients. The mechanism factor R'
f~om Eq. (5.22) has a more basic meaning in plastic moment balancing,
and is used in this study in place of the effective load coefficient
Steps in Plastic Moment Balance
The steps in the plastic moment balance for a girder with uni~
form M are summarized in Fig. 5.3. We begin with the uniformly dis-p
tributed (dead plus reduced live) working load w, the clear span L ,g
the required load factors FIR for gravity loading and FZR for combined
loading, the assigned sway moment MG = MjA + MjB , and the column depth
to span ratio d /L. The plastic moment balance proceeds in four steps.
c
Step I - Find the load parameter M and the sway momentpm
coefficient G using the equations recorded in
Fig. 5.3. The ordinate of the simple beam moment
diagram is fixed by M and the slope of thepm
redundant fixing line is set by G.
Step Z - Find the mechanism factor R from Eq. (5.22) or
the curve in Fig. 5.3. The plastic moment
balance is performed in this step.
Step 3 - Find the lower bound RLB= FlR/FZR for the
mechanism factor 0 At this stage the con-
trolling load, and mechanism are obtained
from Fig. 5.3.
273 .38 (5 .3 )
Step 4 - Find the required M from the simple formulasp
at the bottom of Fig. 5.3.
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It is evident that the plastic moment balancing process is
appropriate for manual or for computer application .
.Design Refinements
Girder sizes may be selected to satisfy the required plastic
moment. Seve~al girders on a level will frequently prqvide some excess
plastic moment capacity because of the discrete distribution of Mp for
W shapes. This excess moment capacity can be utilized by select~ng
Wshapes for all but one bay on a level. The sway moment capacity of
these shapes can be determined by using Fig. 5.3 to find G. Then the
sway moment in the remaining bay, which is required to conserve the sway
moment sum on the level, can be used to select the remaining girder
size. This amounts to redistributing the sway moments on the level to
suit a particular set of girder sizes. Example 16.2 in Ref. 6 illu-
strates this optional design refinement. Justification for this re-
fined design procedure depends in part on the degree of refinement
included in the sway moment sum for the level.
5.3 RESTRICTED HINGE PATTERNS FOR GIRDERS
The plastic moment balance in Art. 5.2 gives the requires Mp
for each girder. If the selected ~ shape provides no excess plastic
moment capacity, the girder forms a mechanism under the controlling
factored load. When the mechanism forms, the girder contribution to
sway stiffness in the adjacent stories is lost. Article 1.9 suggests
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that sway stiffness may be conserved by using a restricted hinge pattern
for one or more girders on a level. A girder with a restricted hinge
pattern is intended to approach but not to reach a mechanism condition
at ultimate load. This is a means for controlling the PA effect under
combined loading and sidesway frame buckling under gravity loading in
the·preliminary design phase, before members are selected. This article
demonstrates 110W ~estricted girder hinge patterns can be specified in
the plastio moment balance for girders with uniform M .
P
One approach to restricting a girder hinge pattern is to find
the M required for a mechanism and then select a W shape with larger
, p
plastic moment capacity. It is then possible to find a unique redundant
fixing line which satisfies conditions (1) and (2) in Art. 5.2, but
which results in only one negative mo~ent hinge for combined loading or
two such hinges for gravity loading. The maximum positive girder
moment Me corresponding to this unique fixing line is less than Mp but
the moment factor C = Mc/Mp is not immediately known for combined
loading.
If C is close to unity, a small redis.tribution of sway moments
on the level can result in girder mechanisms in the bay or bays where
girder mechanisms are not intended. Thus, it is desirable to control
the value of the positive moment factor C. In other.words, instead of
finding M from the mechanism condition which we want to avoid, we canp
find M f~orn the restricted hinge pattern which we want to occur, byp
specifying the value of C < 1.
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Attempts to restrict negative hinges at the ends of a girder
are analytically possible. Unless the girder is proportioned to remain
elastic at ultimate load, it is quite likely.that a hinge will form first
at the leeward end of the girder, regardless of analytical assumptions
to the contrary. Since the girder end-moments also influence joint
equilibrium and column moments, attempts to restrict negative end hinges
can give misleading resultso
Conditions Applied in Girder Plastic Moment Balance
Article 4.2 defines the three conditions which are satisfied in
the plastic moment balance. Here, we add a fourth condition which may
be applied to achieve a restricted hinge pattern.
Condition (4) - The maximum positive girder moment must not
exceed C M where C < 1 is the moment factorP ,
for positive moment~
Figure 5.4 graphically indicates the results of the restricted
hinge condition for combined loading. Hinges with plastic moment
capacity M are assumed to occur at the leeward end of the girders. Thep
sway moment resisted by a girder depends on how far the fixing line
rotates about the leeward hinge. The maximum possible rotation of the
fixing line is limited by the positive plastic moment envelopese These
envelopes are shown as dashed curves at a distance M above the simplep
beam moment diagrams in Fige 5.4e The limiting fixing lines are also
shown dashed.
A second positive moment envelope is shown as a dash-dot curve
at a distance C M above the simple beam moment diagram or at a distancep
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. (1 - C) M below the dashed positive plastic moment envelope in Fig.p
5.4. The maximum positive moment is limited to C M for the solidp
fixing lines which are tangent to the dash-dot positive moment envelopes.
This enforces condition (4) in addition to conditions (1) to (3) in
Art. 5.2.
Restricted girder hinge patterns tend to reduce the sway
moment, Eq. (5.6), resulting from the end-moment sum, Eq. (5.7). The
end-moment sum is reduced by an amount larger than (1 - C) M inp
Fig. 5.4 (a and b) where the maximum positive moment occurs between
midspan and the windward end of the girder. In Fig. 5.4 (c and d) the
maximum positive moment occurs at the windward end and the end-moment
sum is reduced by (1 - C) M. A larger plastic moment capacity isp
required in each case to conserve an assigned sway moment. The increase
in M is a function of the positive moment factor C.p
When the restricted hinge condition is applied, the moment
factors in Eq. (5.20) of Art. 5.2 must be replaced by
or
or
or
B = +1,
A = ",,1,
B = +1,
A = -1,
o < C.::s +1,
0<C:S+1,
O<C::S+l,
O<C:S+l,
and
and
and
and
-1 < A < C
-c < B < +1
A = +C
B = -C
(5.28b)
(5 .28c)
(5.28d)
as indicated in Fig. 5.4. These equations express the restricted hinge
~attern concept in algebraic form.
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We may ,combine Eq. (5.28) with appropriate statics equations
in Art~~w 5.1 to obtain the mechanism factor R in M = R Mp pm
the p.~,.oce'dure in Art .. 5.2 'we obtain the results
R= _2_ (1 + Qf for O<G< 8JC + 1 " 8'
2 1(1 -Qt for -8 < G < 0R = C + 8' :
j G
I
for' G.> 81R=C+
R -G for G < -8= C + 1
Following
(5.29a)
(S.29b)
(S.29d)
which apply for combined loading. These equations express the mechanism
factor R in terms of the sway moment coefficient G from Eq~ (5.7) and
the positive moment factor C. If we set C = 1, then Eqs. (5.29 and
5.20) are identical.
The mechanism factor equations (5.29) are related to the girder
moment diagrams in Fig. 5.4. If c, < 1 these moment diagrams do not
correspond to girder mechanisms but rather to restricted girder hinge
patterns. For this reason, values of R from Eq. (5.29) for C < 1 are
termed restricted mechanism factors.
A lower bound for R under combined loading may be established
by first considering minimum plastic moment requirements for the gravity
load condition as in Art. 5.2. It may be advisable to specify
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restricted hinge patterns for gravity loading in an effort to control
sidesway frame buckling (Art. 1.9) in the preliminary design stage.
Again, attempts to restrict negative end hinges can give misleading
results. Hence we are led to application of condition (4) for
restricted hinge patterns under gravity loading. However, the positive
moment factors for gravity load and combined load need not be identical.
The subscript 1 will be used to identify the positive moment factor
Cl = MC/Mp for gravity loading.
Figure 5.5 graphically illustrates the results of the rest~icted
hinge condition for gravity loading. Hinges with plastic moment capacity
Mp are assumed at each end of the girder but the maximum positive
moment Me = Cl Mp produces no positive hinge at midspan under the
factored gravity load FIR W Lg if Cl < 1. The dashed redundant fixing
line in Fig. 5.5 corresponds to a three-hinged "gravity load mechanism
and the standard value C1 ~ l~O. The solid fixing line for a re-
stricted hinge pattern is below that for the gravity load mechanism.
If we take c~ = 0.5, the solid fixing line corresponds to the elastic
fixed-end moment condition.
For any positive moment factor in the range 0 < Cl ~ 1, the
plastic moment required for factored gravity loading with a restricted
hinge pattern is
M
P
(5.30)
which indicates the inverse relation between Mp and Clu The lower bound
for R under combined loading is obtained from Eq. (5.9) with F = FZR '
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and Eq. (5.30.), with the result
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(5.31)
This result reduces to Eq. (5.23) for Cl = 1 and gives values between
1.0 and 1.33 times Eq. (5.23) for 1 2: C1 > 0.5-.
Design Chart for Restricted Hinge Patterns in Girders
A graph relating the restricted mechanism factor' R to the sway
moment coef,ficient G is shown, in Fig'. 5.6 which applies to girders with
uniform plastic moment capacity. The vertical axis in this figure-uses
the product R (C t 1). OtherWise, there is little difference between
t
I
Fig. 5.6 for restricted girder hinge patterns.and F~g~ 5.3' for girder
mechanisms. If C = 1, it is easier to use Fig. 5.3' but identical
results are obtained from Fig. 5.6,
All of the remarks describing Fig. 5.3 in Art. 5.2 may be
extenQed to Fig. 5.6 if we replace Eq. (5.25) by
c = 8(~C ; 1* ~ for ~ ,<C+1*R<4~LB, -' 2 - (5.32)
and take ~B from Eq. (5.31). Equation (5.32) gives the sway moment
coefficient G in terms of the positive moment factor C for combined load
and the restricted mechanism factor R = M 1M . Thus the sway momentp pm
capacity for a girder with known M is found by entering Fig. 5.6 withp
the product R (C + 1) on the vertical axis and finding G on the
horizontal axis, In particular, the sway moment capacity for a girder
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with Mp controlled by a restricted gravity load hinge pattern (R = ~B)
can be obtained from
G = (5 .33)
if ~B ~ 4 in Eq. (5.31). The required load factors F1R = I.70,
FZR = F1R/1.33, and the positive moment factors C = C1 = 1.0 give
~B(C1 + 1) = 2.67 from Eq. (5.31) and G = 1.24 from Eqe (5.33). These
values are represented by the dashed rectangle on the graph in Fig. 5.6.
~he restricted mechanisms in the insets in Fig. 5.6 include
solid circles to indicate plastic hinge locations and open circles to
indicate where maximum positive moments occur. Hinges are restricted
(avoided) at these open circles if the positive moment factors for the
controlling load are less than unity. These moment factors are indicated
above the mechanisms in Fig. 5.6. The three cases which govern the value
of M in terms of R from Eq. (5.29) arep
Case I;
Case II;
Case III;
~B (e l + 1) < R (C + 1) < 8
R (C + 1) > 8
R (C + 1) < ~B (C~+ 1)
(5 e 34)
The domains for each case are recorded in the insets in Figo 5.6.
To establish the gravity load domain, Case III, in Fig. 5~6
we take R = ~B from Eq. (5.31) and enter on the vertical axis with the
product
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and read the corresponding value of G from the graph. Alternatively, we
may find the limiting value of G from Eq. (5.33) if ~B ~ 4. If R or
G fall within the gravity load domain, Case III, the required plastic
moment is M = EL B M . When R or G fall within the combined loadp --L pm
domain, Cases I or II, we find the required plastic moment from
M = R MP pm
The restricted hinge condition, extends th~ scope and validity
of the plastic moment balancing process with a trivial increase in
design effort. The four step plastic moment balance for a girder with
uniform plastic moment and a restricted hinge pattern, defined by the
posi tive moment factors C and C1 , is 'summarized in Fig. 5.6. Restricted
girder hinge patterns and moment factors are further considered in
Chapter 8.
5,4 GIRDER MOMENTS
In addition to the required plastic moment capacity we also
need values for the girder end-moments and the girder joint moments;
both for the controlling and ,the non~controlling load conditions~ This
article considers the girder moments in the following sequence:
1. Gravity load moments
a. Gravity load controls Mp
b. Combined load controls Mp
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2. Combined load moments
a. Combined load controls Mp
b. Gravity load controls M
, P
3. Joint moments for all load conditionsQ
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It will be assumed that wind acts from left to right for combined load.
Moment diagrams for wind acting from right to left are the mirror image
of those considered in this article. ~rhis is valid if the same sway
moment distribution is assumed for each wind direction, and if the girder
is of uniform cross-section~ It is further assumed that restricted
girder hinge patterns (Art. 5Q3) are used to find Mp . The moment
equations may be specialized for girder mechanisms (Art. 5.2) by taking
C • C1 = 1 in appropriate terms.
Gravity Load Moments
The moment diagram for the factored gravity load FIR W Lg is
shown in the inset on Fig. 5.7. For purpose of preliminary deaign we
shall assume that the gravity load moments are symmetrical about midspan
so that the left end-moment MA = -MBD Since the midspan ordinate of the
simple beam moment diagram is 2 Mpm (FIR/F2R) the sum of the left end
moment MB and the ma~imum positive moment Me must be
(~ + MC)/Mpm = 2
F1R/F2R
in dimensionless form. It is helpful to note that Mpm
and that the nondimensionalizing factor Mpm (FIR/F2R) is simply the
plastic moment FIR W Lg
2/16 required fora factored gravity load
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mechanism. Equation (5.36) applies regardless of which loading condition
controls Mp ' We now proceed to find nondimensional expressions for ~
and Me.
If gravity load controls M , with a restricted girder mechanismp
governed by the positive moment factor Cl ' then MB =Mp and MC =Cl Mp '
The dimensionless equations
MB/M Zpm
=
_FlR/FZR C1 + 1
MC/M 2 C1pm
=F1R/FZR C1 + 1
(5 ~37a)
(5.37b)
sum to 2 as required by Eqo (5036)0 The equation for ME derives from
MB = Mp = ~B Mpm with ~B from Eq. (5.31). We also find the limit
2
from Eq. (5.31). When the restricted mechanism factor R satisfies this
limit, gravity load controls Mp ' M.B' and MC'
Now consider the case where combined loading controls M. Asp
a preliminary design approximation we may use the elastic fixed-end
moment diagram for the gravity load F1R w Lg if the plastic moment
condition is not violated. Once member sizes have been selected, the
fixed-end moments can be distributed, if necessary for a moment check in
adjacent columns and girders. In dimensionless form the fixed-end state
gives
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MC/Mpm _ 2
F1R/F2R - 3
, and the plastic moment condition limits MB to
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(5.38a)
(5, 38b).
(5 .39)
The gravity load moment plot in Fig. 5.7 graphically illustrates
Eqs. (5.37 to 5.39) together with the plastic moment equations
M 1M 2p pm = for R:S ~BF1R/FZR C1 + 1
M 1M Rp pm = for R ~. RLBF1R!F2R F1R/FZR
(5.40a)
(5.40b)
This plot uses the ratio R ~ (F1R/F2R) as the abscissa and
(M/Mpm) ~ (F1R/F2R) as the ordinate, with M ~ MB, MC' or Mp ' The do~
mains for the three restricted mechanism cases defined in Eq. (Se34)
are recorded at the bottom of the graph. The boundary between Case I
and Case II depends on the load factors and the positive moment co-
efficient C for combined load. The values FIR = 1070, FZR = FIR/l..33
and C = 0.8 are used to plot this boundary in Fig. 507. Except for
the Case (I, II) boundary, the data in Fig. 5.7 is independent of the
load factors unless F2R > FIRo This is the reason for choosing
(F1R/FZR) as a nondimensionalizing parameter.
,.
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Several features of Fig. 5.7 deserve comment. The sum of the
ordinates for MB and Me is always 2 as required by Eq. (5.36). In the
gravity load domain (Case III) the values of MB and Me depend upon the
positive moment factor Cl for gravity load. Lines for Cl = 0.8
(restricted hinge pattern) and C1 = 1.0 (mechanism) are labeled in
Fig. 5.7. Note that Me ~ MB for C1 ~ 1.0. If loa ~ Cl ~ 0.5, the lines
for MB and Me lie between the ordinates 4/3 and 2/3. The heavy dashed
portion of these lines in the gravity load domain corresponds to Eq.
(5.37) but only the point at R = ~B on these lines is used in practice.
Values of C1 < 0.5 are unrealistic for a girder with uniform cross-
section because the gravity load moments would then tend to be govern~d
by the fixed-end condition rather than by the plastic moment balance.
In the gravity load domain and in the initial stage of the combined load
domain (Case I) ~ and Mp coincide. It wouM obviously be unrealistic
to retain the assumption MB = Mp for gravity loading throughout the
combined load domain. Thus, Eq. (5.. 39) ceases to govern MB,when the
end-moment reaches the clear span fixed-end moment conditiono This
occurs when
R 4
-~-- =-
FlR/FZR 3
(5.38c)
from Eqs. (5.38a and 5039). Figure 507 completely summarizes the pre-
liminary design assumptions for factored gravity load moments caused by
uniformly distributed loads.
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Two statics relations which are of value ip determining girder
moments due to combined load, with wind from left to right, are
and
!M 1M .= G - M 1M IA pm B pm (5.41)
MC/M = 2 (1 + G/8)2 - MB/Mpm pm
MC/M = G - MB/Mpm pm
for 0 < G < 8
for G > 8
(5.42a)
These equations give the left (windward) end-moment MA and the maximum
positive moment Me in terms of the right (leeward) 'end~moment MB.
Equation (5 .41) follows directly from th.e definition of the sway moment
coefficient G in Eq. (5.7). To obtain Eq. (5.42) we may use R = M 1Mp pm
in Eq. (5.l4a) for 0 ~ G ~ 8 and Me = MA for G > 8. The terms
2 (1 + G/8)2 and G in Eq. (5.42) may be replaced by R (C + 1) from
Eq. (5.29) to give
MC/M = R (C + 1)pm MB/Mpm or R (C + 1) ~ 2-] (5.42c)
Note that R in Eq. (5.42c) is a sway. m.oment: para'meter which may be
less than RLB . That is, we may obtain the ,pt'oduc t R (C + t)'fr'om- the
curve in Fig& 5.6 for any value of G~ regardless of the controlling
loading case. Equations (5~41 and 5.42) are statics equations which are
independent of M or the contr'olling mec.harlisnl or' load.p
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Thus, the moments for any combined load state, defined by the
2gravity load parameter Mpm = F2R w Lg /16 and the sway moment
MG = G M 1(1 - d /L), are completely determined once the right-endpm c
moment MB is found 0 If the combined loading case governs the plastic
moment, Mp = R Mpm ' then ME = Mp when a complete or restricted girder
mechanism forms with wind from left to right 0 However if M = EL' M
., P ~~B pm
is controlled by the factored gravity load, then MB may be less than
M for sufficiently small values of the sway moment. We want to know:p
(1) is MB plastic or elastic and (2) how do we estimate the elastic
value of MB?
The elastic response of a girder to combined load is 'considered
in Fig. 5.8. The girder moments due to the gravity load F2R w Lg are
approximated by the elasti~ fixed-end moment diagram. This gives the
dot-dash fixing line in Figo 5q8(b) with fixed-end moments of
(4/3) M . When small sway moments are applied in the elastic range,pm
the fixing line is ass'umed to rotate about the elastic pivot which is
located at midspan on the fixing line for the fixed-end moments 0 This
conforms to the assumptions of the cantilever and portal methods of
wind analysis and gives equal swa.y moments of (G/2) M at each end ofpm
the girderu
In the elastic range the right end~moment
4 . G
=-+-3 2 (50.43)
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from Fig. 5~8(b). This includes the gravity load contribution (4/3)
and the sway moment contribution (G/2) and answers our second question.
As the sway moment increases, the fixing line continues to rotate until
MB reaches Mp as in Fig. 5.8(c). This limit of elastic sway response
occurs when the sway moment coefficient reaches
j GES = 2R - 4/3) (5 ~ 44)
for MB = Mp = R Mpm in Eq. (5.43). The subscript ES on GES denotes
"elastic sway" moment coefficient .. When G exceeds GES ' the fixing
line rotates about the leeward plastic hinge, because this hinge re-
distributes the sway moments~
The elastic and plastic leeward end-moment domains are bounded
by Eq. (5.44) in Fig~ 5.9. The value of the mechanism factor R may be
obtained from M for a W shape or from the plastic moment balance in
, p
Fig. 5.6. In the latter case, the Rand G coordinates will normally
fall within the plastic domain in Fig~ 5.9 if combined loading governs
M 4 However, this is not a universal rule, as discussed in Chapter 8.p
Here it suffices to comment that the positive moment factor C may be
chosen to obtain entirely elastic sway response, for the purpose of
controlling frame stability"
If gravity loading controls M in the plastic moment balancep
we may further refine the elastic-plastic leeward end-moment boundary
in, Eq. (5 .44) ~ In this case, the tequired plastic moment M equalsp
~B Mpm with l\B from Eq. (5.31). Using this value of ~B in Eq.
(5.44) gives
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2 F lR 4)
GES = 2 C1
+ 1 F2R - '3 for R = ~B and G > 0
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(5.45 )
This is the value of G at which a girder with M controlled by gravityp
load reaches the first leeward plastic hinge under increasing sway
moments (Fig. 1.4e) according to our elastic sway response assumptions.
Graphs of the sway moment coefficient G versus the load factor ratio
FlR/F2R, for three values of the positive moment factor C1 (for gravity
load), are plotted in Fig. 5.10. The inset in this figure shows how
each G1 line defines the boundary between the elastic and plastic lee~
ward end-moment domains.
The intercept for G = 0 in Eq. (5.45) is
If the load factor ratio is less than this value, plastic hinges are
produced at each end of the girder under the factored gravity load
F2R w Lg and zero sway moment. Then the fixed-end moment state is
never reached except for Cl = 0.5, and sway moments cause unloading of
the windward plastic hinge. Numerical values for the G = 0 intercept
are recorded below the graph in Fig. 5.10.
In this discussion of the girder moments for, cambi.ned load,
it has been assumed that plastic hinges form first at the leeward end
of the girder. This assumption is valid fat' uni.fo'rmly distrib'uted loads
and girders with uniform plastic moment capacity if the fixed-end
moment state -is accepted as a reasonable approximation for the gravity
load moments. The moment diagrams in Fig. 508 indicate that, in the
273.38 (5.4)
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elastic range, the inequalities MA < MB and Me < MB are always satisfied
when the fixing line rotates clockwise about the elastic pivot for
wind from left to right. Then MB must be the first moment to reach Mp '
The steps used to obtain the moment diagram for combined load,
with wind from left to right, are summarized in the following outline:
Step 1 - Check Fig. 5.9 or Eq. (5.44) to establish
whether the leeward end-moment MB is plastic
or elastic. (Normally this step can be
deleted, but see the discussion of restricted
hinge patterns in Chapter 8.) Then determine
MB•
Step 2 - Use Eqs. (5.41 and 5042) to' obtain MA and Me'
Step 3 - Use Eqs. (5.13 and 5,18) to locate ,the sections
of maximum positive moment and z~ro moment.
Joint Moments
The girder joint moments MjA and MjB for combined loading
can be obtained from Eqo (504) once the end-moments MA and MB ;re known.
This equation can be further simplified, using Eq. (507), to the form
M' A .MA 1 delL~ = M ~ (4 - '2 G) -l--d-/-:--L
pm pm c
M' B MB d IL
--JE. = - + (4 + -21 G) __c_!,,-,M M 1 - d' /Lpm pm c
(5.47a)
(5 ,~47b)
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which includes the sway moment coefficient G. If we use MjA =MG - MjB
from Eq. (5.6) only the second of Eqs. (5 .47'). is needed. Thus the
joint moments are a function of the sway moment MG and only one end-
. moment MB,
The girder joint moments for the gravity loading condition
(G = 0) are given by
(5 .48)
with Mpm The values of MB/M in Eq. (5.48) depend onpm
the restricted mechanism factor R and can b~ obtained from Fig. 5.7 or
the following conditions:
4: (FiR)
MB M:~f }~R < - =R=L>~
r,"'-,; - 3 F2R , M M - B
. \.
pm pm
If R>~ (;lR) MB =:t (lR)
- 3 Mplll 3 F2R' 2R ,
(5.49a)
(5.49b)
These conditions limit the girder end-moment MB to the required plastic
moment i,n Eq. (5 .49a), or the fixed-end moment in Eq. (5 o49b) . If the
load factor ratio F·IR/Fi2R equals 1.33, the mechanism factor boundary
between Eqs. (5.49a and b) is R = 1.78. The joint moments due to the
1 ,,"'-;:'~gravity load shear '2 FiR w ''L.~. are included by the last term in Eq. (5.48).
5~5 SUMMARY
This chapter explains the plastic moment balance for uniformly
loaded girders with uniform M. The most important results are included
p
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in Figs. S.3 and 5.6 which summarize the four steps in the plasti~
moment balance and in Figs. 5.7 to 5.10 which help to define the moment
diagrams for gravity and for combined load. The eight variables which
must be specified to begin the plastic moment balance are the working
load, clear span, load factors (FIR and F2R), and de/L,ratio; the sway
mom~nt MG; and the positive moment factors Cl for gravity load and C
for combined load. The first fiv~ variables are specified by the frame
geometry and loads. The sway moment distribution, considered in
Chapter 4 gives MG, The last two variables must ~e assigned, with
consideration given to the behavior desired, as explained in Chapter 8.
Operations tables for the girder plastic moment balance and
the joint moments are provided in Tables A6 and A7 in Appendix 1. These
oper~tions tables explain the sequence of the plastic moment balancing
examples in Tables A8 and A9.
It is evident that some of the results obtained here can be
derived in a more direct manner by earlier application of plastic moment
conditions. Although concise derivations have their place, a less
direct but more comprehensive development is purposely used in this
study by first considering girder statics and later stating the con-
ditions which enforce the plastic moment balance.
The results in Fig. 5.3 and Eqs. (5,47 and 5.li.8) may be com-
pared with Eqs. (14_.12 to 25) and Fig. 14 .. 8 in Ref. 6. That reference
does not intend to consider the restricted hinge pattern concept'
described in Art. 5.3. Some of the data needed in plastic moment
balancing can be extracted from the equations in Ref .. 16 (including
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discussion), from Figs. 8051 and 8.52 in Ref. 26 and from Figs. 2 and
8 in Ref. 98. It is ~uite logical that other investigators have con-
sidered the same .equilibrium and plastic moment conditions, which form
the basis for plastic moment balancing, because these conditions are
fundamental determinants of structural behavior.
After completing the plastic rnom~nt balance for each girder on
a level, we may proceed to the next step which is the joint balancing
operation.
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The joint balance is the third major part of the plastic
moment balancing method, and provides the analytical link between the
first two parts of the process which are considered in isolation from
~ach other in Chapters 4 and 5. The analytical link of the joint
balance is analogous to the physical link which the joints of a rigid
frame proviQe in making the girders and columns work together to
carry loads.
This chapter describes four joint balancing methods wh'ich are
basically similar but which may be used to accomplish different ob-
jectives. One objective is the ability to duplicate the results of
refined methods of inelastic analysis by properly ch~o~ing certain
distribution parameters in plastic moment balancing. A second objective
is to distribute the frame moments so as to conserve double curvature
bending ~n the columns under combined loadinge The means for ac-
complishing these objectives are described. The chapter concludes
with a comparison of the four joint balancing methodso
6 . 1 CONTROLLED JOINT BAlANCE
The joint balance may begin with any initial set of girder and
column moments which satisfy certain girder and story equilibrium
273.38 (6.1)
requirements. These requirements are:
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(1) The initial column moments below level (I) must sum
to the ~ortion DV (I) ..~ Me (I) of the total sway moment in
the story below level (I) 'which is distributed to the upper
end of the columns in story (I).
(2) The initial column moments above level (I) must
sum to the portion (1 -. DV(I-l» I Me (1-1) of the total
·sway moment in the story above level (I) which is distributed
to the lower end of the columns in story (I-I).
(3) The girder moments MjA(J,I) plus MjB(J,I) must sum
to the sway moment I MG(I) for leve 1 (I).
These initial moment requirements are expressed mathematically
by E"qs. (4.10 to 4.13). The two-stage process of distributing the total
girder sway moment on a level to each girder, using Eqe (4e13 and 4.14),
followed by the girder plastic moment balance, gives a set of girder
moments which satisfy requirement (3). The girder moments obtained in
the girder plastic moment balance need not be altered when the joints
are balanced. Of course, the girder moments can be redistributed by
revising the horizontal distribution factors DC and repeating the
girder plastic moment balanc, if desiredp Once an acceptable girder
moment distribution is obtained, the joint balancing operation holds
the girder moments constant. The purpose of the joint balance is then
to find column moments which satisfy both joint equilibrium and story
equilibrium.
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The initial column moments for requirements (1) ~nd (2) are
obtained from
MiU(J, I.) (6.1)
(6.2)
Note that the subscript i is used to di~tinguish an initial joint
moment from the final joint· moment (subscript j) which is- obtained 'later
from· the joint balance. The terms DU and DL are initial column moment
distl:ibution factor,s which must satisfy.
I DU(J,I) = IDL(J,L-l)
(J) (J)
1 (6.3)
at each level (I), according to,requirements (1) and (2). In the portal
method of wind analysis the product DU DV for a column is proportional
to the sum of the adjacent girder spans. In plastic moment balancing
the column moment distribution factors may be assigned any values con-
sistent with Eq. (6.3)0 For instance, the joint balance for the two-
bay frame in Example 14 ~ 1 of Ref ~ 6 uses DV :; 1/2 and D·O = DL = 1/3
under the assumption that the initial column moments are equally
distributed between the ends of 3 columns in each storyo
The initial distribution of column moments is iltustrated in
Fig. 6.1 which shows the ~ositive joint moments in two stories of a
f~ame. All moments in this s~etch carry numerical subscripts (omitted
for clarity) and may have different values from member to member" The
lfIi;::l
story sway moments I M'e are shown at the left center of each story,
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These sway moments are distributed, using the vertical distribution
factors in the triangles above and below, to the upper and lower ends
of the columns. This vertical distribution gives the column moment sums,
-I MjL and I MjU on the left in Fig. 6.1. The initial column moments
MiL and MiU are obtained from the column moments sums, using the co1umq
moment distribution factors DL and DU in the triangles adjacent to each
column. The initial column moments satisfy the story equilibrium
requirements (1) and (2) but do not necessarily conserve joint equili-
bt"ium.
The moments which are considered to act on a joint at the be-
ginning of the joint balance are the column and girder moments from
requirements (1) to (3) plus a hypothetical external moment MiE which
c·onserves joint equilibrium. The external moment is determined from
the joint moment sum
MjA(J,I) + MjB(J-l,I) + MiU(J,I) + MiL(J,I-l) + MiE(J,I) = 0 (6.4)
at joint (J,I)~ The joint balancing operation consists of distributing
the portion D. M. E of the external moment to the column above and theJ 1.
portion (1 - D.) M. E to the column below, The symbol D. is termed theJ 1 J
joint balancins rati,o which must have the same value for each joint on
one level of the frame. This requirement is demonstrated below.
The results of the joint balance are the final column moments
MjU(J,I) = MiU(J,I) + (1 - Dj(I)) MiE(J,I)
MjL(J,I-l) = MiL(J,I-l) + Dj(I) MiE(J,I)
(6.5 )
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To demonstrate that these column moments satisfy joint equilibrium we
can form the sum
MjU(J,I) + MjL(J,I-l) ~ MiU(J,I) + MiL(J,I-l) + MiE(J,I)
and substitute MiE from Eq. (6.4) to obtain
MjU(J,I) +MjL(J,I-1) = ~MjA(J,I) - MjB (J-1,I) (6.7)
This indicates that the final moments on the joint sum to zero for any
value of the joint balancing ratio D.. Thus joint equilibrium is
J
satisfied.
Now consider the story equilibrium conditions defined by Eqs.
(4.10 and 4.11). The sum of the column moments MjU below level (1),
~sing Eq. (6.5) is
(6.8)
where the fir~t sum on the ri~~ side is DV(I) ~'Mri(I) according to re-
qu.irement (1)$' To evaluate the second term, we may sum the initial joint
equilibrium condition, Eq. (6.4), for all joints on level (I). The
girder moments contribute
.,
I (MjA(J,I) + MjB (J-1,I) =L MG(I)
(J)
(609)
, from Eq. (4.13). The initial column moments from Eq. (6.1 and 6.2) give
~I (MiU(J,I) + MiL (J,I-1»=
(J) .'
(6010)
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since the column moment distribution factors DU and DL must sum to unity
as in Eq. (6.3). Then the sum of the external moments MiE..in Eq. (6.4)
is minus one times the sum of Eqs. (6.9 and 6.10). But if we use Eq.
(4.12) for the girder moment sum LMG(1) on level (I), it follows that
(6 ~ 11)
That is, the hypothetical external moments MiE have a van~shing resultant
on each level. It is helpful to note that Eq. (6.11) is valid for any
set of moments which satisfy requirements (1) to (3).
Now Eq~ (6.8) can be written in the form
IMjU(J~ I) = DV(I) I MC(1) +
(J)
I Dj(I) MiE (J , I)
(J)
(6.12)
i
The first line in Eq. (6.12) is identical with Eq. (4.10). The second
line vanishes in view o·f Eq. (6011) if, and only if, the joint balancing
ratios D. are identical for each joint on the level. Using this as the
J
only necessary condition on D. we have shown that the column moments
J
MjU below level (I), from Eq. (6.5), do in fact satisfy the story equ~
ilibrium condition of Eq. (4.10). The reader may demonstrate a similar
conclusion for the column moments MjL above level (I) starting with
Eq. (6.6).
The joint balancing operation is summarized in Figo 602~
Figures 6.2(a:and b) indicate the initial and final moments on joint
(J, I)., with all moments shown in their positive sense. The girder
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moments from the girder plastic moment balance are held constant, The
column moments are obtained in three steps:
Step 1 - Use the sway moments,-I Me' the vertical dis-
tribution factors DV ' and the column moment
distribution factors DU and DL to obtain the
initial column moments MiU and MiLo
Step 2 - Find the external moment MiE required for
joint equilibrium by multiplying the sum of
the girder and initial column moments by
minus one ..
Step 3 - Use the joint balancing ratio D. and the
J
external moment MiE to obtain the balancing
moments. The sum of the balancing moments and
the initial column moments gives the final
column moments MjU and MjL ,
The similarity of this plastic joint balancing process to
-elastic moment distribution is evident 0 This is quite logical and
desirable because both plastic moment balancing and elastic moment
distribution are based on the same foundation - equilibrium. Any
•
.to
method which does not conserve equilibrium is suspect, for there is not
a more certain determinant of structural behavior ..
In elastic moment distribution the initial moments are termed
fixed-end moments and the external (clamping) moment is simply the fixed-
end moment sum for a joint. This external moment is distributed to the
members in proportion to their elastic flexural stiffness. In plastic
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moment balancing we are free to assign distribution factors and bal-
ancing ratios without reference to flexural stiffness if the frame
members are sufficiently ductile; that is, able to bend under nearly
constant moment in the plastic range~ Then plastic moment redistri-
bution can be relied on, witbin reasonable limits, to alter the initially
elastic distribution of moments.
We have accomplished two objectives by formulating the joint
balancing operation of plastic moment balancing in a form which is
analogous to elastic moment distribution. First, the joint balance
uses familiar concepts. Second, Some ideas gleaned from elastic moment
distribution or similar methods of elastic analysis may be profitably
carried over to plastic moment balancing~ This will be demonstrated
in Chapter 7.
The joint balancing method in this article introduces two ad-
ditional groups of parameters into the preliminary design process.
These are the column moment distribution factors DU and DL and the joint
balancing ratios D.. These parameters provide the numerical means for
J
specifying how the columns are to share in resisting girder moments.
Any information on elastic column moment distributions may be used as
a guide in assigning values to these par~meters subject to Eqo (6.3)0
There is some logic to using distribution and balancing factors
derived from elastic analyses because the more the plastic moment dis-
tribution departs from the original elastic moment distribution, the
greater is the element of plastic redistribution of moment. Moment
redistribution implies rotation capacity and plastic hinge induced
t .
sway stiffness reductionsu If rotation capacity is very limited or if
sway stiffness reductions are excessive, the ultimate load capacity of
the frame may be impaired. This points to the need for further in-
elastic sway studies to suggest limitations on the values assumed for
the column moment distribution factors and the joint balancing ratios.
Even after further study it appears likely that structural judgment
will be needed to assign distribution factors. However, the need for
structural judgment is a ~niversal feature of any design method.
It is germane to comment that while elastic distribution
factors may provide a guide in assigning DU' DL~ and Dj it is not
necessary to perform an involved elastic analysis to find them. Nor
is there a firm basis for placing strict elastic limitations on these
parameters for a ductile material like steel. Inelastic column be-
havior can be profitably and safety utilized as indicated in Fig. 1.6
so long as in~lastic assumptions are not carried to extremes.
It is also pertinent to note that less ductile materials or
members may place more restrictive .1imitat.ions on the departure from
elastic behavior which can be safely utilized in structural design.
Regardless of what restrictions on departures from elastic behavior are
considered necessary, the plastic moment balancing approach may be
tailored to satisfy these restrictions. This may be necess~ry for a
reinforced or prestressed concrete frame.
The method of joint balancing described in Fig. 6.2 and using
requirements (1) to (3) plus Eqs. (6.1 to 6~6) i~_: designated as method
I for reference. The method avoids any moment carry-ov~r between joints
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but provides versatility and computational control in determining
column moments. This control is obtained by selecting values for the
column moment distribution factors DU and DL- Hence the term -
controlled joint balance.
Joint balancing method I is but one of several methods that may
he used to find column moments which satisfy the joint and story equili-
·brium conditions once the girder moments are established from the
girder plastic moment balance. An interesting alternative joint
balancing method (designated as method II) is the following:
Step 1 - Assign final column moments MjU and MjL at
all but one joint on a level, subject to the
joint equilibrium condition, Eq. (6_7)~ Note
that MiE = 0 at the balanced joints if we take
M. U = M. U and M' L = M' L in Eq. (6.4)_1 J 1 J '
Step 2 - Use Eqs. (4.10 and 4.11) to determine final
column moments at the last joint on the level.
This enforces the story equilibrium conditions
on the joint balance, and in ~iew of Eq •. (6.11),
joint equilibrium is also satisfied at the last
joint.
This alternative approach to joint balancing completely elim-
inates the column moment distribution factors and the joint Dalanci~g
ratio. It is difficult to conceive of a more simple. method of join~
balancing, but method II appears to be rathe~ arbitrary. The basis
for selecting the final column moments needs f'urther ,definition.
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This alternative is included here to suggest an idea for further study
and to indicate the versatility of plastic moment balancing.
6 .,2 AUTOMATIC JOINT BAlANCE
The joint balancing operation can be formulated in a manner
which is free of column moment distribution factors or asaigned final
column moments, as in methods I and II of Art. 6.1. lwo such formu-
lations are described in this article. We assume (as in Art. 6.1)
that final girder moments MjA and MjB are obtained from the girder
plastic moment balance. The purpose of the joint balance is then to
find column moments which satisfy both joint equilibrium (Eq. (6.7)
and story eqUilibrium ( Eqs. 4.10 and 4.ll)~
To begin the description of automatic joint balancing, it is
convenient to define the symbol
MjG(J ,I) = MjB(J-l, I) + MjA(J ,I) (6.13)
for the ,sum of the girder moments on joint (J,~). The sum of the
girder moments on the joints at level (I) must yield
where ~MG(I) is the sway moment sum for the girders from Eq. (4.12).
This result is valid for any set of girder distribution factors DG
(used to obtain MG in the girder plastic moment balance) which~~ms
to unity on level (I), as per Eq. (4.14). In addition, the joint,,"
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equilibrium condition of Eq. (6.7) takes the form
MjU(J,I) + MjL(J,I-l) = -MjG(J,I)
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(6 . 15)
using Eq. (6~13)o Note that the 'sum of the girder moments is known for
each joint on a level once the girder plastic moment balance; (Chapter 5)
has been performed .for 'each girder on the leve 1 .
~ I '.
:Che first method of automatic joi1?-t balancing" (designated as
method III) obtains the final column moments from'
MjU(J,I) = Df(J,r) [DV(I) ,I Me (I)] (6 .16)
MjL(J,I-l) = D [(1 - DV(I-l» B'~C(I-l)J (6 .17)f (,J ,I)
The bracketed terms are the sway ~oment components distributed to level
(I) from the storie s be low and abo.ve this leve 1 (Art. 4.3). The
column moment distribution factors Df(J,I) at joint (J) on level (l)
are computed from the girder moment sums MjG in the form
(6-.18) ,
These distribution factors serve tq distribute the bracketed sway
moment components in Eq. (6.16 an,d'6017) to the columns. Note that
the same factor Df is used above and below joint (J) but that Df varies
from joint to joint on level (I) as implied by the double subscript
(J,I) on Df~ The distribution factors DU and DL in joint balancing
method I are replaced by Df in method III. Note also that Df from
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Eq~ (6.18) is uniquely and automatically determined from the girder
plastic moment balance on level (I). Hence the description, automatic
joint balance.
Now we demonstrate that joint balancing method III satisfies
joint and story equilibrium requirements. First, ·we sum the distribution
factors Df from Eq. (6.18) for the joints on level (1)0 Using Eq. (6.14)
we find
I Df(J, I) = 1
(J')
(6 . 19)
Then the sum of the column moments from Eq. (6.16 and 6.17) is identical
with the required column moment sums in Eqo (4010 and 4.11), Any set
of distribution factors Df which sums to unity on level (I), as in
Eq. (6.19), thus conserves story equilibrium in the joint balance 0
To investigate joint equilibrium conditions we use Eq. (6.16
to 6 .18) to obtain the sum of the final column moments on joint (J, I) ':
MjU(J,I) + MjL(J,I-l) =
According to Eq. (4.12) for'tMG(I) the bracketed term ha_s the value
minus one,. ; Then the final.cblurnn:- morne.nts on joint (J, I) sum to
-MjG(J,I) as per Eq. (6.15). Thus joint equilibrium is automatically
satisfied if the distribution factors Df are obtained from Eq. (6018).
Joint balancing method III is summarized in Fig. 6.3. Figure
6.3 .(a) shows the. girder moment~ obtained from the girder plastic moment
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balance. These girder moments are held constant in the joint bal-
ancing operation. Figure 6.3(b) shows the final moments on the
balanced joint. The column moments are obtained in three steps:
Step 1 - Sum the girder moments MjG on the joint.
Step 2 - Determine the column moment distribution factor
Df as the ratio of MjG to the total sway moment
sumLMGfor the girders on the level. The
sign on Df depends on the sign on MjG · -
Step 3 .. Obtain the final colunm moments as· the product
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of Df and the sway moment components distributed
to the level from the stories above and below
that level.
The results of the joint balance may be checked by summing the final
moments on the joint.
The resul t of joint balancing method III,' is to give final
column moments at each joint on level (I) in the constant ratio
RLU(I) =
MjL(J,I-l)
MjU(J,I)
=
1 - DV(I-I) <['Mc (I-I)
DV(I).· t MC(I) (6.20)
from Eq~. (6.~6 and 6.17). We are free to assign th~ vertical distri-
but ion factors DV in this ratio but the story sway moment ratio is
governed by frame geometry and load parameters plus the sway ~..deflecti6n
index in the stories above and below level (I)u The sway moment ratio
varies from zero at the roof (I ~ 1) and 0.3 to 005 at level 2, to
nearly u~ity at the lower levels o£ a tall unbraced frame. Note that
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at the roof (I = 1), ~U(l) = O. The term joint moment ratio aptly
describes ~U~ The joint moment ratio is frequently close to unity.
We can provide a relative computational control on the column
moments above and below level (I) by assigning the value of ~U(I) in
Eq. (6.20). This equation then provides a relation between DV above
and below level (I) in the form
t'~C(I)
Equation (6.21) may be used as a recurrenpe formula for the vertical
distribution factors. For example, we can assign DV(l) ~ 0.5 in the
story below the roof and ~U(2) = 1.0 at level 2. Then the value of
DV(2) below level 2, which is consistent with these assigned values,
can be determined from Eq. (6.21). With DV(2) known and an assigned
value of ~U(3) we can again apply Eq. (6.21) to find the vertical
distribution factor DV(3) below level 3. This process may be continued
to ~he bottom level of the frame or may be terminated at any level, and
reestablished at a lower level, if desiredo
Joint balancing method III automatically distributes the sway
moments above and below a level to the columns using Eqs. (6.16 and
~.17). The same results can be obtained by distributing the girder
moment MjG, Eq. (6.13), to the columns above and below a joint. This
introduces joint balancing method IV~
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In method IV the final column moments are given by
M - D MjU(J,I) - j(I) jG(J,I)
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(6.22)
(6.23)
where the joint moment sum M. G is obtained from the girder plastic moment, J
balance. The joint balancing'ratio
(6.24)·
has the same (negative) value for each joint on level (I). Note that
Eqs. (6.22 to 6.24) are simply a rearrangement of Eqsc> (6."16 to 6.19)
so the joint and story equi1ib~ium. requirements are satisfied in method
IV. Again the column moments are uniquely and automatically determined
from the results of the girder plastic moment balance on level (I)~
Joint balancing method IV is summarized in Fig. 6.4. Figure
6.4(a) shows the girder moments obtained from the girder plastic moment
balance. These girder moments are held constant in the joint balancing
operation. Figure 6.4(b) showS the final moments on the balanced joint.
The column moments are obtained in three steps:
Step 1 - Sum the girder moments on the joint to obtain MjG
Step 2 - Determine the joint balancing ratio Dj(I) for
level (I) as the ratio of the sway moment dis-
tributed to level (I) from the story below, to
the total sway moment sum for the girders on
273.38 (6.2)
level (I) l< • The alternative expression for
D. in Fig. 6.4 is Eq. (6.26J
J
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These column moment sums must be
Step 3
-
The column moment below each joint is »jU = Dj MjG
and above each joint MjL = -MjG - MjU ' using
Eq. (6.15).
The joint balance for level (I) may be checked by summing the column
moments MjL and MjU for all joints.
equal to the sway moments distributed to level (I) from the stories
above and below this level.
Joint balancing method IV gives final column moments at each
joint on level (I) in the constant ratio
~U(I) = MjL(J,I-I)MjU(J,I)
_ ~(l + D)j(I))
Dj(I)
(6 .25)
from Eqs. (6.22 and 6.23). We are free to assign ~U at each level
to maintain a relative computational control over the column moments.
Then the joint balancing ratio for level (I) may be obtained from
if the same value of ~U is used in the recurrence relation, Eq. (6.21)
for the vertical distribution ,factors.
Regardless of how it is determined, the value of Dj(I) must be
consistent with the sway moments and the vertical distribution factors
in order to enforce story equilibrium in ,the joint balance for method IV.
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From Eqs. (6.24 and 4.12)
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(6.27)
Note that at the roof (I ~ 1), Dj (l) ~ -1. Equation (6.27) is simply
an expanded form of Eqs. (6.24 or 6.26).
6 .3 DOUBLE CURVATURE COLUMN BENDING
It is of some interest to consider the column moment ra.tio
q. =M.L/M. U when joint ba1an~ing method III is used together with theJ J J -
vertical distribution factor recurrence relation of EqQ (6.21). From
Eqs. (6.16 and 6.17)
qj(J,I)
M'L(J I)
= J ,
MjU(J,I)
(6 .28)
If both terms on the right side of this equation are positive, then
q. > 0 and the columns are bent in double curvature. Note that the
J
sway moment I Me (I) below level (I) cancels in Eq. (6. 28) ·
The column moment distribution factors Df are defined by
Eq. (6.18). It is always possible and 4sually desirable to choose girder
distribution; factors DG in Eq. (4.13) which make Df positive at each
joint on a level except at the windward column joint. The sign on Df
at the windward column joint changes from negative to positive at th~
level (IW) where the windward moment on the girder in the windward bay
changes sign as in Fig. 1.4(j). If we exclude the windward column
273.38 (6.3)
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between levels (IW ~ 1) and (~) and all of the columns in the bottom
story, it is then possible to distribute the moments under combined
load so as to make the Df ratio in Eq. (6.28) positive for all re-
maining columns. In mathematical terms
Df(J,I + 1) ;I Df(J,I) > 0
with the exclusions mentioned above.
(6 .29)
Now consider the vertical distribution factor ratio in Eq.
(6.28) and assume that the recurrence relation of Eq. (6.21) is used to
obtain DV in each story except the bottom story. It is logical to
expect the sway moment ratio in Eq. (6.21) to be hounded by
for I > 2 (6.30)
if all of the horizontal loads act in the ,same direction~ (This may
exclude dynamic or seismic loading.) We are also free to choose the
joint moment ratio ~U(I) in the range
o < ~U(I) < 1,
in this recurrence relation.
for I > 2 (6.31)
If the vertical distribution factor in the story above level
(I) has the bounds
o < DV(I-l) < 1 (6.32a)
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we can rearrange this inequality to the form
o < 1 - DV(I-1) < 1
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(6.32b)
The bounds in Eqs. (6.30 to 6.32) establish that each term on the right
side of Eq. (6.21) may be considered as a positive number which does not
exceed unity. Then DV(I) must also be bounded by
o <, DV (I) < 1, for I > 1 (6.32c)
We are free to assign the vertical distribution factor DV(l) in the top
story to satisfy the bounds in Eq. (6.32a) so Eq. (6.32c) is valid for
I > 1.
We have demonstrated, by mathematical induction, that the
vertical distribution factors DV(I) in Eq. (6.28) may always be assigned
as positive numbers less than unity. Then the vertical distribution
ratio
(6.33)
is positive in Eq. (6.28).
From Eqs. (6.28, 6.29, and 6.33) we have the following double
curvature column proposition:
It is possible to distribute the frame moments
due to combined load so as to obtain double
curvature bending in every column of an unbraced
frame, except in the bottom story and in one
windward column.
273.38 (6.3)
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Note carefully that this proposition does not imply that the columns
will or must be bent in double curvature. Rather the proposition
maintains that it is possible to distribute the combined load frame
moments to achieve the double curvature column objective with equil-
ibrium considered in the deflected state. It is advantageous to
distribute the combined load moments in this manner so as to minimize
the possibility of lateral-torsional column instability~
We assume that rotation capacity requirements at plastic hinges
in girders do not become excessive for this double-curvature-column
distribution of moments. Girder rotation capacity requirements deserve
attention for the case of a long and a short girder span in adjacent
bays. Vertical deflection limits for the long span girder may eliminate
any problems with rotation capacity but also may make it more difficult
to distribute the moments so as to conserve double curvature bending in
the columns. This points to the need for considering a wide range of
, fr~me geometry and load parameters in studies which intend to investigate
the scope and limitations of a proposed structural design method~ ~
Consider now the exceptions to the double curvature column
proposition. The windward column above level (IW) violates inequality
(6ft29) and may exhibit single curvature bending 0 This column must
function in both a windward and a leeward column roleo Frequently the
leeward column role controls the size of this column an.d the windward
condition results in single curvature bending under reduced axial load
and moments 0 If this is the case, the tendency for lateral-torsional
buckling in single curvature bending is not demanding unless this
column has a large slenderness ratio about either axis 0
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Hence we conclude that lateral-torisonal buckling considerations
under combined loading may focus on the bottom story columns if the frame
moments are distributed according to the double curvature column pro·
position and if large column slenderness ratios are avoided 0 The dis-
tribution of moments for the bottom story columns ,is considered in
Chapter 7. These columns are excluded in Eq. (6.29) because Df(J,I+l)
in the bottom story depends on the column rotational restraint at the
foundation, rather than on Eqo (6018).
Note that the double curvature column conc.lusion does not
extend to gravity loading because the sway moments in Eqo (6030) vanish
under symmetrical gravity loads 0
There is a strong economic motivation for distributing the
frame moments according to the d01Jlbe cut'v'ature column proposition when
combined loading controls the column sizes. Double curvature bending
reduces the controlling column moments and automatically gives a
column. moment distribution reasonably similar to a theoretical dis-
tribution for minimum column weighto In addition, double curvature
bending reduces the need for increasing column sizes, or for providing
lateral bracing,to control lateral-torsional instabilityo Finally,
the rotation capacity of 'col'umns in. do'uble curv'ature bending is superior,
relative to other states of bending 0 Since the columns may account for
three-quarters of the material cost of a tall unbraced frame, it is
economically advantageous to control column material requirements in the
preliminary design stage, even at the expense of increasing some girder
moments on lower levelso
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To obtain these advantages of double curvature column bending
we may proceed as follows:
Step 1 - Find the sway moment 2: MC(I) below each level
(I), using Eq. (4 u9) .
Step 2 - Assign the vertical distribution factor DV(l) in
the range 0 < DV(l) < 1 for the top story and the
joint moment ratio ~U(I) for each level. The
value ~U = 1.0 is a reasonable'assumption par-
ticularly when columns are designed in two-
story tiers with splices above finished floor
level. However we are not confined to unit
joint moment ratios.
Step 3 - Use the recurrence relation, Eq. (6 0 21), to
obtain vertical distribution factors DV(I)
below each level, excluding the bottom story.
Step 4 - Find the girder sway moment sUmL'MG(I) at
level (I) as described in Art. 4:04 and distribute
this sum to each girder using assigned girder
distribution factors DGo The DG factors may be
estimated, subject to Equ (4014)u
Step 5 - Perform the girder plastic. rnoment balance as
indicated in Chapter 50
Step 6 - Balance the joints using method III described
in Figo 6030 Determine the column moment
distribution factors Df from Eqo (6018) using
the sum of the girder moments on each jointo
If negative values of Df are found for any
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joint other than upper level windward column
joints, attempt to redistribute the girder
moments on the level by revising the values of
DG in step 4e
If difficulty is encountered in distributing the girder moments in step
4 so as to obtain positive column moment distribution factors in step
"6, we can seek a girder moment distribution on successive levels which
conserves the sign on Df for most columns 0 If the ratio
Df(J,I+l);I Df(J,I) is positive, column (J) below level (I) is bent
in double curvature. If this Df ratio is negative, then both Df(J,I)
and Df(J,I+l) should be close to zero and relatively small single
curvature column moments are obtained from the joint balanceu
.... ,~~~ .
When joint balancing method III was first explored, it was
considered to be rather inefficient in controlling column moments. This
inefficiency is remedied by step 30 However, it should be noted that
method III as described in Figo 603 stands by itself and may be applied
with any set of vertical distribution factors 0
If we wish to use joint balancing method IV together with the
double-curvature-column distribution of frame moments we must make the
column moment ratio qj = MjL/M]U positive. From Eqs. (6.22, 6.23,
and 6.26)
qj(J,I)
= MjL(J,I) =
Mj'U(J, I)
1 + ~U(I) (MjG_<J,I+l»)
1 + (l/~U(I+l» MjG(J,I) (6.34 )
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The first term in this equation is positive if positive values of ~U
are assigned. Then double curvature bending is obtained for column (J)
below level (I) if the girder moments on levels (I) and (1+1) are
distributed so as to make
MjG(J,I+l) > 0
MjG(J,I)
This is a slightly different formulation of Eq. (6.29).
Thus joint balancing method IV may he used together with the
procedure previously described for establishing frame moments which
conserve double curvature column bending. It is only necessary to
revise step 6 to the following:
Step 6 - Balance the joints using method IV described
in Fig. 6.4. If the girder moments MjG on
the joints above and below a column have
different signs, attempt to redistribute
the girder moments by revising the values of
DG in step 40 If this proves difficult, then
try to make the ratio in Ego (6035) a small
negative value.
This discussion of frame moment distributions which conserve
double curvature. column bending illustrates the versatility of the
automatic joint balancing procedures. The simple device of assigning
positive joint moment ratios ~U at each level is all that is needed
to generate vertical distribution factors DV from Eqo (6.21), column
moment distribution factors Df from Eq. (6.18) for method III, and
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joint balancing ratios D. fro~ Eq. (6.26) for method IV. In addition
J
the joint moment ratios ~U provide a direct computational control over
the relative column moments above and below each level right from the
beginning of the preliminary design process.
6.4 COMPARISON OF JOINT BALANCING METHODS
Four joint balancing methods are described in Arts. 6.1 and
6.2. These methods have three features in common.
(1) The girder moments are obtained from the plastic
moment balance for the girders on one level and
are held constant in the joint balance.
(2) No carry-over of moments between joints or from
joints to midspan of girders is needed.
(3) The column moments satisfy all necessary joint
and story equilibrium conditions.
Method I introduces two column moment distribution factors
DU and DL and a joint balancing ratio Dj to determine the column
moments. This method affords a maximum of computational control over
the column moment distribution. The results of any elastic-plastic
or inelastic frame analysis may be duplicated in plastic moment
balancing by proper choice of the distribution factors and other
initial data. Then if the trame geometry or load parameters are varied
within small limits, the previously determined distribution factors
may be used to obtain a reasonably accurate and rapid preliminary moment
distribution which approximately corresponds to the compatibility
condition.
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It appears possible in future studies to correlate the distri-
bution factors with frame geometry and load parameters, using on the
one hand, refined methods of inelastic sway analysis, and on the other
hand simple structural models' like that described in Art. 14.6 of Ref. 6.
If it is considered appropriate to state limitations in a design speci-
fication on the extent to which plastic behavior may be utilized in
the design of unbraced frames, the numerical parameters in method I may
provide a reasonable framework for formulating these limitations. In
other words, joint balancing method I provides the pattern for trans-
lating research information on the structural behavior of unbraced
frames into a form suitable for manual or computer design.
The remaining three joint balancing methods may be considered
as special cases of method I. Met40d II indicates how the joint and
story equilibrium conditions may be satisfied without direct reference
to distribution or balancing factors~ In an analysis problem involving
known member sizes, column plastic moment capacities M can bepc
estimated. Method II provides the means for fitting an equilibrium
distribution of column moments into available moment capacity envelopes~
Joint balancing methods III and IV are described as automatic
methods because the column moment distribution follows uniquely from
the results of the girder plastic moment balance and the vertical dis-
tribution of sway moments. These two methods provide identical results
and are simply different formulations of the same idea; which is that
the sway moment components above and below a level may be distributed
to the columns at each joint in proportion to the sum of the girder
moments on the joint~ Further study is needed to substantiate this
273.38 (6.5) -164
idea and to suggest its limitations and relative economy. In the mean-
time, numerical examples suggest that the automatic joint balancing
methods yield column moments which are a reasonable basis for prelim-
inary design.
The reason for presenting two joint balancing methods which
give the same results is that the different formulations point to dif-
ferent features of the plastic moment balancing methodo For example,
method III leads directly to the recurrence relation for the vertical
distribution factors DV in Eqo (6.21)0 Method IV most clearly indicates
the relation between the joint balancing ratio D. and the joint moment
J
ratio ~U in Eq. (6.26). Incidentally, method IV is more efficient
than method III in a computational sense. Note that a single joint
balancing ratio D. applies to all joints on one level in method IV
J
while different distribution factors Df are needed for each joint in
method III. The choice between these joint balancing methods is one
of personal preference in manual calculations or convenience in computer
programming~
6~5 SUMMARY
This chapter describes and compares four joint balancing
methods. Each method begins with the joint moments from the girder
plastic moment balance. The purpose of the joint balance is to deter-
mine column moments which satisfy joint and story equilibrium. No
moment carry-over is needed in this operation.
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The most direct joint balancing method is method IV in which
the sum of the girder moments on a joint is distributed to the columns
above and below the joint. This method uses one joint balancing ratio
for the joints on each level which depends on the sway moment sums for
the level. A method is described for arranging the plastic moment
balance so as to achieve double cur'vature bending in most of the columns
of a multi-s~ory fr'ame.
Numerical examples which illustrate joint balancing met~ods I
and IV are given in Tables A10 to A12 in Appendix 1. After completing
the joint balance, column end-moments are determined using Eq. (4.5).
Chapters 4, 5, and 6 complete' the description of frame statics,
the girder plastic moment balance, and the joint balance. These are the
three major operations in plastic moment balancing 0 After completing
these operations, tentative member sizes can be selected.
Refinements in the choice of preliminary design parameters for
bottom story columns and for girders are considered in Chapters 7 and 8.
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The plastic moment balance for the bottom story of an unbraced
frame may follow the same procedure as that used in the stories above
with one modification which concerns the column base detail~ If this
detail provides no resistance to moment (pinned base)', we must use
D = 1.0 in the bottom story because all of the story sway moment mustV
then be resisted at the column tops. On the other hand, if the columns
are rigidly connected to a rigid foundation (fixed base) we should
assign DV ~ 0.5 in the bottom story. In the limiting case of infinitely
rigid girders on the floor above and rigid column bases, exactly half of
the bottom story sway moment is distributed to the column tops. Less
than half of the sway moment is attracted to the column tops if the
girders are less than perfectly rigid while the column bases remain
nearly fixed against rotation.
The actual condition of rotational restraint at the column bases
may be expected to lie between the pinned and fixed conditions. This is
particularly true if the column base detail is designed to transmit
moment from the column to the foundation and if the foundation consists
of spread footings or friction piles. Under these conditions the
column bases will be more nearly fixed than pinned but will rotate
under column moments.
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This chapter discusses the behavior which results from rotation
at the ends of bottom story columns. An approximate method is presented
for modifying the bottom story moment balance to consider rotation
effects.
7•1 COLUMN BASE ROTATION
In the following discussion, the behavior of bottom story
columns with rotation-fixed bases and tops is compared with the more
realistic assumption of rotationally restrained column bases and tops.
It is assumed that the column base detail and foundation provide a
larger ratio of column moment to column rotation than the girders on the
floor above. In other words the foundation is considered to be stiffer
than the girders in resisting rotation of the bottow story columns.
Note 'that the girders on the bottom level of a multi-story frame must
resist rotation of two column segments, one above and one below this
level.
If the bottom story columns are fixed against rotation at both
ends, sway in t~e bottQm story causes anti-symmetrical double curvature
bending with a column moment ratio qj =_MjL/MjU = + 1.0. One effect of
rotation at either end of these columns is to change the column moment
ratio. This indicates the possibility of single curvature bending
(q. < 0) in windward bottom story columns, or in columns on the wind-
J
ward side of a long-span interior bay, under combined load. Lateral-
torsional stability may be reviewed for these single curvature columns
with consideration given to the nearly complete torsional fixity
provided by many column base details. It is helpful to have some
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indication of single curvature bending in the bottom story during the
preliminary design so that column sizes can be selected to conserve
lateral-torsional stability.
If the foundation is rotationally stiffer than the girders on
the floor above, the assumption of rotation-fixed column ends (top and
bottom) may tend to underestimate the elastic moments at the' base of
some bottom story columns. If this effect is not considered in the
preliminary design, the bottom story leeward columns may form plastic
hinges at a load somewhat less than the intended ultimate combined load
capacity. Then we must rely on rotation capacity at these column
hinges to redistribute the bottom story sway moments caused by
increasing loads.
Several factors may influence the ability of bottom story
columns to redistribute moment.
(1) Torsional fixity at the column base plus encase-
ment in basement walls (for exterior columns) or
strong but ductile fireproofing (for interior
columns) help to preserve lateral-torsional
stability and rotation capacity.
(2) Most of the capacity of bottom story columns is
used to carry axial load. That is, these columns
usually have large pip ratios (0.8 or more) aty
ultimate combined load, particularly on the leeward
side of a frame. This tends to reduce rotation
capacity.
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(3) If large pip - ratios and intermed'iate slender-y
ness ratios (say hire > 30 in the plane of the
frame) are both present, the maximum column
moment capacity decreases as the column moment
ratio q approaches 0.6 or smaller values. (See
Fig. 11.10 in Ref. 6 in which q is the ratio of
the smaller to the larger column moment.) In
addition, 'the column rotation capacity may be
relatively limited.
(4) Plastic hinge induced sway stiffness reductions
in the bottom story detract from the stability
of the frame and place increasing demands on
moment redistribution under increasing loads,
particularly in view of the maximum gravity
loads in this story relative to those above.
(5) The width-to-thickness ratio of the plate
elements in bottom story columns normally is
the range where local buckling is of little
concern. Thus, local buckling is not likely
to control the available rotation capacity in
stocky bottom story column shapes.
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Items (1) and (5) tend to help and itesm (2) to (4) to hinder
moment redistribution in bottom story columns. Other factors, such as
differential dead load settlement plus sweep and erection tolerances,
may play a uncertain role which contributes to the need for load
factor or safety margin requirements in any design method.
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The discussion in this article suggests that somewhat more
refined ideas are appropriate in the preliminary design of bottom story
columns because of the behavior which may accompany large column loads.
In summary this behavior may include:
(1) Reduced plastic moment and rotation capacity under
unfavorable column moment gradients.
(2) Lateral-torsional instability in single curvature
bending.
(3) Reduced sway stiffness due to plastic hinges at
the base of leeward columns~
Regardless of the design method (or even the material) used for the
bottom story columns, these columns must carry large axial loads~ Since
we cannot completely avoid the behavior which accompanies large column
loads, it is appropriate to consider ways to predict and control this
behavior in the preliminary design by using refinements in the bottom
story moment balance. Refinements in the bottom story moment balance
are not absolutely essential in the statical sense. However, if refined
ideas lead to a closer estimate of required column sizes in the bottom
story without a significant increase in the preliminary design effort,
these refinements are worth consideringo The remaining articles in this
chapter outline a refined approach for the bottom story columns which
is compatible with the plastic moment balancing method.
The basis for the refined approach is the assumption that the
bottom story columns may be treated as elastic for purposes of prelim-
inary design. This does not mean that inelastic behavior cannot be
tolerated in these columns 0 Instead, the elastic assumption is
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considered as a guide in distributing moments in the bottom story columns.
These columns may then be proportioned, using plastic design criteria,
for the controlling combination of axial load and moment obtained from
the preliminary design moment balance. It is understood that subsequent
inelastic sway checks are a part of the final structural design process.
These sway checks are considered necessary to demonstrate either that
the elastic assumptions are valid, or that the preliminary design needs
revision.
7 . 2 ElASTIC COLUMN RELATIONS
The elastic distribution of moments in a deflected column will
be studied with the aid of Fig. 7.1. All forces, moments, and rotations
are shown in the positive direction in this figure. The direction of
the column moments is usually determined by the angle from the chord
to the end-tangent. Thus, if a column deflects as depicted in Fig. 7.1
the column moments are negative. The deflected state is defined by
the joint rotations Q.U and Q'L at the upper and lower joints and the
J - J
chord rotation ~/h betw~en the jointso If the competing effects of
axial load stiffness reduction and the stiffness contribution of the
connections are neglected, the column moments at the upper and lower
joints a"re
E I (4 ~ )MjU c QjU + 2 QjL - 6---h
(7 .1)
E I
(2 QjU + 4 ~)MjL c QjL - 6=-h-
where I is the moment of inertia of the column in the plane of the frame.
c
These expressions are first order elastic slope deflection equations.
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The column base introduces an additional relation between the
moment MjL and rotation QjL at the base plate of a bottom story column.
This relation is conveniently expressed in· the form
E I
MjL = - 4 Rf~ QjL (7 .2)
where Rf is a dimensionless rotational restraint coefficient for the
foundation. The value of Rf may range from zero for an idealized pinned-
base detail to infinity for an ~bsolutely rigid base. Intermediate
values of Rf may be estimated from soil properties and column base
details. An elastic method for estimating rotational restraint coef-
ficients is presented in Ref. 99~. (The coefficient Rf in Eq. (7,.2)
is related to the parameters T and A in Ref. 99 by Rf = l~5 ~ A.)
Tentative elastic calculations indicate that the bounds 1.0 < Rf < in-
finity are likely to include the practical range of rotational restraint.
If Rf is within these bounds, the parameters used in the bottom story
moment balance are relatively insensitive to Rf . The influence of
varying rotational restraint is considered later in this chapter. The
negative sign in Eq. (7.2) is explained by the fact that the column
moment and rotation at a restrained column base must be opposite in
sense, while both the moment on the column and the rotation are taken
as positive when clockwise.
The base restraint relation may be combined with the slope-
deflection equations to eliminate the base rotation~ Using Eqs. (7.1
and 7.2) we have
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c
h
E 'I
c
=--
h
( 8)(4 - 1\) QjU - (6 - 3~) Ii
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(7.3)
for the bottom story columns where the symbol
~= 1
includes the effect of base restraint. For conven~ent reference, ~
is termed the base factor. Values of the base factor are bounded by
zero for a fixed column base (Q jL == 0, Rf = infinity) and unity for a
pinned base (M. L = Rf = 0). For Rf = 1.0, Eq. (7.4) gives ~ = 0.5., J
Equations (7.3) are useful in studying two features of the
moment distribution in bottom story columns. These features are
(1) the column moment ratio q. 1'= M.L/M.U and (2) the change in moment
J J J
5 MjL at the column base which occurs when the moment and rotation at
the top of the column are varied by 0 MjU and &QjU with the chord
rotation held constant 0 These features are related to the moment
balancing process in Art. 7.3.
The column moment ratio, from Eq. (7.3) is
M. L 2(1 - ~) (Dr - 3)
qj =~ = (4 - ~) Dr - 3 (2 - ~) (7 .5)
The two parameters which contribute to the column moment ratio are the
base factor ~ and the deflection ratio
D
r
(7 .6)
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We may interprete the deflection ratio as a relative dimensionless
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measure of the resistance to joint rotation QjU provided by the girders
on the floor above the bottom story. If these girders are taken to be
infinitely stiff, as in Fig. 1.3(b), then Dr = QjU = O. If these girders
are considered to provide no rotational restraint to the columns, then
MjU = 0 in Eq. (7.3) and Dr = (6 - 3~)/(4 - ~). The deflected column
in Fig. 7.1 corresponds to the typical conditions Q.U < A/h and D < 1.
J r
To indicate how the deflected shape of a column is related to
the deflection ratio D consider Fig. 7.2. This figure shows the graph
r
of Eq. (7.5) for columns with a rotation fixed base (~ = 0), together
with sketches of the deflected columns and their moment diagrams. The
graph has a vertical asymptote at q. = 0.5 which corresponds to columns
J
with no sway. (8/h = 0, D = ± infinity). The no sway condition may
r
occur under symmetrical gravity loading. The graph in Fig. 7.2 also
has a horizontal asymptote at D = 1.5 which corresponds to columns with
r
zero moment at the upper end (M. U = 0, q. = infinity).J J
Consider the bottom story fixed base columns of a symmetrical
frame under combined load with wind acting from left to right. Before
wind loads are applied, the moments due to gravity load in the windward
and leeward columns are indicated in sketches (1) and (7) of Fig. 7.2.
The interior columns have similar moment diagrams with generally smaller
moments due to gravity loado
As wind loads are applied (with gravity loads held constant),
the windward column moments change as indicated by the diagrams below
sketch (1), and the leeward column moments vary as shown in the diagrams
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above sketch (7). The interior column moments start with sketch (1) or
(7) and proceed toward the center in Fig. 7.2 under increasing wind
loads.
The moment diagrams below sketch (3) in Fig. 7.2 give column
shears which act in the direction of the story shear for wind from left
to right. Most of the bottom story columns must have combined load
mQment diagrams below sketch (3) in order to satisfy shear equilibrium
in the story. Shear equilibrium could be satisfied if the column
moment diagrams are assumed between sketches (3) and (4) but this places
the columns in single curvature bending. The combined load moments in
many interior and leeward columns may be expected to lie between
sketches (5) and (6). Then the deflection ratio is within the ~ange
o < D < 1. The windward column moments due to combined load may be
r-
expected to lie somewhere between sketches (1) and (6) which indicates
that D > 0 for these columns. Note that the range of moments between
r
sketches (2) and (4) is the range of single curvature bending.
From this discussion we tentatively conclude that the deflection
ratio range
a < D < 1
r-
(7.7)
may be anticipated for most bottom story columns with rotation fixed
bases. The deflection ratio may tend to exceed this range for those
exterior columns with gravity load moments which are large relative to
"
the wind moments. Further study is needed to suggest the limitations
on frame geometry and load parameters which correspond to the deflection
ratio range in Eq. (7.7). Note that the conventional assumption of
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rotation fixed ends for bottom story columns is considered in Fig. 7.2,
sketch (6) with D = O. This assumption does not give a very good
r
estimate of fixed base column moments under combined load in the elastic
range, if the tops of the columns can rotate.
Graphs of D versus q. for columns with rotationally restrained
r J ':
bases (0 < ~ < 1) are similar to Fig. 7.2 except that the asymptotes
are closer to the coordinate axes. For example, if we take Rf = 1.0
for the rotational restraint in Eq. (7.2) then the base factor ~ =,0.5.
These values give the asymptotes D =9/7 and q. = 2/7 which intersect
r J
at point B in Fig. 7.2. The dashed curve in this figure is for Rf = 1.0~
Note that the values D = 3.0 and 1.0 give q. = a and 2.0 from Eq. (7.5)
r J
for any base factor. This indicates that points (2) and (5) in Fig.
7.2 remain fixed as the base:factor varies. If the column pase is
~
pinned (Rf = 0 and ~
vertical line q. = O.
J
= 1) the graph of D versus q. degenerates to the
r J
If we consider practical values of 'the base restrain coefficient
Rf to be larger than unity, then the column moment ratio qj is bounded
by the solid and dashed curves in Fig. 7~2. From this we conclude that
the column moment ratio is relatively insensitive to the rotational
restraint at the base of a column if the deflection ratio D satisfies
r
Eq. (7.7). Crude estimates of Rf and Dr are apparently sufficient to
establish values of the column moment ratio q .. The value of q. can be
J J
used as a guide in the bottom story moment balance as indicated in
Art. 7.3.
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Now we turn to the second feature of the moments in bottom
story columns. The carry-over moment concept is well established in
elastic moment distribution. This same concept may be used to advan-
tage in plastic moment balancing for bottom story columns. When the
joints at the top of these columns are balanced, using method I in
Chapter 6, the column moments change from their initial value M~U to the
final value MjU ' The resulting change in moment 8 MjU produces a change
5 MjL at the base of the columns. Since the sway deflections are con-
sidered to be fixed ~n moment balancing, this moment carry-over from
column top to column base may be estimated by holding the chord rotation
constant in the bo~tom story. Then the carry-over moment, from Eq.
(7 .3) is
[
2(1 - 1\)J
5 MjL = 4 1\ 5 MjU (7.8)
where the bracketed term is the carry-over factor. This carry-over
factor ranges from zero for pinned base columns (1\ = 1) to 0.5 for
columns with fixed bases (1\ = 0). For a column with rotational
restraint coefficient R
f
= 1.0 (1\ = 0.5) the carry-over factor is
0.286.
7 . 3 BOTTOM STORY MOMENT BAIANCE
The ideas used in the bottom story moment balance are described
in six steps.
Step 1 - Assume an initial deflected state for the bottom
story defined by the chord rotation ~/h and the
deflection ratio D. Also assign the base factor
r
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~. The chord rotation is assigned for all
stories in plastic moment balancing to include
estimated PA effects in the moment balance.
In the bottom story we refine the deflection
assumption by estimating the influence of the
girders and the foundation on the vertical
distribution of moments. This is simply a re-
finement of the conventional fixed-end assumption
for the columns shown in sketch (6) of Fig. 7.2.
Step 2 - Estimate the vertical distribution factor DV for
the bottom story column moments. The vertical
·distribution factor, defined in Eq. (4.10), ca~ be
expressed as
=
1
1 + q.
J
(7 .9)
where q. is a weighted cqlumn moment ratio for the
J
bottom story.
·LMjL(J,I)
q. = (J__) _
J I MjU(J;I)(d) ,
: '-We can find q. from
J ~.
(7 . 10)
using the m~e~t ratio,qj(J) fr~ Eq. (7.5) for
column (J). The value of qj(J) is weighted by the
fraction Mju/I MjU for ~olumn (J).
-<,
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The discussion in Art. 7.2 suggests that most of the bottom
story 'columns will have moment diagrams between sketches (5) and (6) in
Fig. 7.2 for the fixed base condition. It is further suggested that the
column moment ratio q. = M.L/M. U is relatively in~ensitive to the rota-J J J ' '
tional restraint at the base of a column, at least within the practical
range of base restraint. If these premises are acceptable as a first
approximation, the values of qj(J) in Eq. (7.10) are limited to a small
range for most of the bottom story columns. We may assign a common
value of qj(J) to all of the bottom story columns for the purpose of
estimating DV" Then Eq. (7.10) reduces to q. = q ..J J
To find the moment ratio q. for the bottom story we can use
J
Eq. (7.5). This amounts to redefining the parameters Dr and ~ in Art.
7.2. Instead of considering these parameters for an individual column,
we. regard- them as parameters which determine the vertical distribution
of moments in the bottom story.
For example, we can associate the joint rotation QjU in the
definition for D , Eq. (7.6), with the joint rotation ~ /h in Fig.
r g
1 .3 (c) . Then D represents the influence of the girders on the
r
vertical distribution of moments. Similar~y the joint rotation QjL in
Eq. (7.2) can be associated with the joint rotation A /h at the baseg
of the columns in Fig. 1.3(c). Then ~ reflects the influence of
rotational restraint at the base of the columns on the vertical distri-
bution of moments. Although the same joint rotation appears at the
upper and lower ends of the columns in Fig. 1.3(c) there is no reason
why the rotational restraint at the top and bottom of the bottom story
columns must be th~ same.
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The' deflection ratio range in Eq. (7.7) is an appropriate
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guide in estimating D. Within this range, D is inversely proportional
r r
to the rotational stiffness of the girders on the level above the bottom
story. Although little is known about these girders at the beginning
of the preliminary design, their influence on the bottom story columns
can be tentatively anticipated in assigning the value of D 0
r
Individual girders may differ in their contribution to resisting
rotation of the columns, but this is not the effect considered in as-
signing D 0 Instead, we are interested in, the combined restraining
r
effect of all of the girders on the le'vel above the bottom story" The
aim in a,ssigning D is to estimate the combined effect of the girders
r
on the vertical distribution of column moments.
Note that if the column moment sums I ~jU and/,I MjL are deter-
mined from a refined inelastic sway analysis of the bottom story, DV
and q. may be calculated from Eqso (7.9 and 7010)0 This same value of
J
DV can then be used in the bottom story moment balance for frames with
s"im.ilar frame geometry, load, and res traintparame ters 0 This indicates
how future studies may be used to improve on the ideas presented here.
Vertical distribution factors are cQn~idered in Arto 7,,40 The
remaining steps in the bottom story moment balance are as follows.
Step 3 - Find the sway moment 2: MC(I) in the bottom story
and distribute the story sway moment using Eqso
Step 4 - Perform the plastic moment balance for the
girders on the floor above the bottom story
as described in Chapter 5.
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Step 5 - Balance the joints on this floor using method
I in Chapter 6. In this step the initial
moments at the top 'o'f the bottom story columns
are estimated using
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(7 .11)
and the balancing moments in these columns take
the form
(7 . 12)
The column moment distribution factor& DU(J,I) and the joint balancing
ratio D. must be assigned. These factors control the horizontal dis-
J
tribution of moments between the bottom story columns 0 'If it is desired
to limit rotation capacity requirements for the$e columns then approx-
imate elastic moment distribution methods may be used as a guide in
assigning the values of DU and Djo Alternatively, the results of
previous inelastic sway' analyses, which do not involve large rotation
capacity requirements, may be used as the guide. Regardless of how
the column moment distribution factors are obtained, they must sum to
unity as per Eq. (6.3).
Note that the joint balance changes the ~oments at the top of
i
the bottom story columns. During ;this process the joints rotate. We
are not concerned,with the amount of t~is joint balancing rotation
except that it should be sufficient to establish joint equilibrium.
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Step 6 ~ The moments at the base of the bottom story columns
are
MjL(J,I)
= . [2 (1 -1\) ]
qj MiU(J, I) + 4 '~ 8 MjU(J, I) (7 .13)
using the initial and balancing moments at the top
of the columns from Eqs. (7 .11 and ,7 .12) . The first
term of Eqa (7.13) is the initial moment and the
second term the carry~over moment at the column
base. The initial moments are consistent with the
vertical distribution factor DV' Eq.' (7.9)) and
the di~tribution of initial moments between the
columns in Eq. (7.11). The carry-over moment in
Eq. (7.13) accounts for the rotation at top and
base of the columns which, occur :when the joints
are balanced.
These six steps represent an approximate elastic modification
of the bottom story moment balance~ The modification is formulated so
as to satisfy joint and story equilibrium requirements and to preserve
the baptc operations of plastic moment balancing (steps 3 to 5). The
aim of this elastic modification is to delay (but not prevent) the
formation of plastic hinges in bottom story, columns and to indicate
the possibility of single curvature bending. Further inelastic sway
studies are needed to indicate how well these aims are satisfied by
the elastic modification and to suggest improvements or simplifications.
For example, the bottom story moment balance could be simplified by
using automatic joint balancing methods III or IV of Chapter 6 in
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step (5). This requires modifications in step (6) which remain to be
formulated.
It is important to note that the same carry-over factor must be
used for each bottom story column in step (6). Otherwise, the carry-
over operation changes the total sway moment LMC(I) in the bottom
story.. From Eqs,. (7 .12 and 7 .13) ·the moment carried over to the base
of column (J) is
[
2 (1 - ~) ]
= 4 - ~ (1 - Dj(I» MiE(J,I) (7 014)
If theThe total change in the column base moments is the sum of &MjL "
bracketed carry-over factor is the same for each column, the sum of
&MjL is zero because the sum of the external moments MiE(J,1) on the
level above the base must vanish as in Eq. (6 .11) ~ Thus the total
bottom story sway momen't I MC(1) and the vertical distribution of moment
in this otory are conserved in the column moment carry-over operation.
The effect of the carry-over operation is to redistribute the column
base moments in a manner which depends on the joint balance for the
level above the bottom story and on the base factor.
The bottom story moment balance is graphically described in
Fig. 7.3. Sketches (a) and (b) are moment diagrams for windward and
leeward columns with wind from left to right. The dashed lines
represent initial moments-prior to the joint balance. The initial
moments from sketch (5) of Fig. 7.2 are reproduced in Fig. 7.3. These
initial moments correspond to ~ = 0 (fixed base) and Dr = 1.0 (flexible
girders). From Eq. (7.5) the column moment ratio q. = 2.0 for the
J
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bottom story and Eq. (7.9) gives the vertical distribution factor
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DV = 1/3. The initial moments need not be identical for each column but
they do give the same column moment ratio. The point of inflection
(M = 0) for the initial moment diagrams is at a distance (1 - DV) h from
the base. Any set of column moments with the same moment ratio
qj = MjL/M jU which balances the total sway moment LMC(I) in the bottom
story is an admissible set of initial momentsG
The joint balance and moment carry-over operations may change
the column moment diagrams from the dashed to the solid lines in Fig.
7.3. These solid lines pivot about a point on the initial moment diagram
at .a di~tance ph above the base. The pivot factor p follows from Eq.
(7.8) in the form
p =
2 (1 - ~)
3 (2 - ~)
1O<p<-
- 3 (7.15)
and is bounded by zero for ~ = 1.0 (pinned base) and 1/3 for ~ = 0
(fixed base). The latter value of p is used in Fig. 7.3.
It is of interest to note that the same initial moments are
obtained in Fig. 7.3 if we change the base factor from zero to ~ = 0.5
(Rf = 1.0) with the deflection ratio held constant 0 However, the final
base moments vary with ~ because the pivot factor changes to p = 2/9,
thus reducing the moment carried over to the more flexible base.
The joint balancing moments 6 MjU for the two columns in Fig.
7.3 are equal and opposite 0 The same is true of the carry-over moments
t
-6 MjL , The sum of the joint balancing moments must always vanish as the
result of Eq. (7.11). The carry-over moment sum is also zero if the
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same carry-over factor or pivot factor p is used for all bottom story
columns.
The result of the carry-over operation is to change the moment
at the base of a bottom story column by an amount which is less than the
change in moment during the joint balance at the top of the column. The
carry-over operation may also cause
(1) A decrease in the maximum moment and single curva-
ture bending for windward columns, as in Fig. 7.3(a)
and
(2) An increase in the base" moment in leeward columns
as in Fig. 7.3(b).
If the initial leeward column moments are between sketches (5) and (6)
in Fig. 7.2 the increased base moment may be larger than the mome'nt at
the top of the leeward column. The carry-over operation then serves
to delay the formation of plastic hinges at the base of leeward columns
by requiring a larger column moment capacity in the preliminary design.
Of course, if the balancing moments 0 MjU in Fig. 7.3 are in the
opposite direction, the results of the carry-over operation are reversed.
The elastic column ideas presented in this article are intended
for use as a guide in plastic moment balancing~ However, these ideas
may also have application in a conventional allowable stress design
method.
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7.4 VERTICAL DISTRIBUTION FACTOR
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The vertical distribution factor DV in the modified bottom story
moment balance depends upon two stiffness quantities which are (1) the
girder stiffness, as measured by the deflection ratio D , and (2) the
r
rotational restraint at the base of the bottom story columns, as
measured by the base factor~. These stiffness parameters are defined,
relative to the columns, in Art. 7.2. Using Eqs. (7.5 and 7.9), we can
obtain DV as a function of the stiffness parameters in the form
(4 - ~) Dr - 3 (2 - ~)
D = ---.------------V 3 (2 - ~) Dr - 3 (4 - 3~)
The column moment ratio for the initial moment state is then
. (7 .16)
(7 .17)
This indicates that the coefficients on the moment terms in Eq. (7.13)
for the moment at the base of the bottom story columns are functions
of Dr and~. The moment terms MiU and 0 MjU in this equation depend
on the horizontal distribution of the story sway moment between the
bottom story columns.
Design Chart for Vertical Distribution Factor
Plots of DV versus ~ for selected values of the deflection
ratio D ~re shown in Fig. 7.4, using Eqo (7.16). The values of Dr . r
range from minus infinity for the top dashed curve to +1.25 for the
bottom dashed curve. Values of DV above the top dashed curve are
imposs~ble unless the bottom story sways into the wind. The dashed
curve for Dr = 1.25 indicates the unusually low values of DV
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corresponding to very flexible girders.
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The curves labeled D = 0 and
r
D = 1.0 include the deflection ratio range in Eq. (7.7) .. These
~
curves are shown as heavy solid lines to indicate that they represent
the tentative practical range for the deflection ratio.
The left and right sides of the graph in Fig. 7.4 correspond
to fixed. and pinned base conditions. In Art. 7.2 it is suggested that
the foundation rotational restraint coefficient is usually in the
range 1.0 ~ Rf ~ infinity. Based on this premise, the base factor is
limited to the range 0 ~ ~ ~ 0.5 as indicated above the curves in
Fig. 7.4. The points (1-3-4-2) define the region of interest in Fig.
7.4. This region maps into the area between the solid and dashed
curves in Fig. 7.2. From Fig. 7.4 the vertical distribution factor may
be expected to lie·between DV = 0.6 at point (3) and DV = 0.33 at
point (4) for many frames.
An increase in girder stiffness reduces the rotation of the
joints on the level above the bottom story and decreases the deflection
ratio D. The result is to increase the vertical distribution factor
r
DV' On the other hand, an increase in base restraint tends to decrease
DV. The influence of increasing girder and base stiffness is indicated
by the arrows above the graph in Fig. 7.4. The five sketches at the
top of this figure show how the column moment and column defle~tion
diagrams vary with the base factor and deflection ratio. Sketches
(1) to (4) bound the diagrams of practical interest. The numbers
above and below the moment diagrams are relative column moments with
unit sums. Notice the 67 percent increase in the relative base moment
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for the transition from sketch (3), representing rigid girders and a
flexible base, to sketch (2) for flexible girders and a rigid base, in
Fig, (7.4).
~he curves in Fig. 7.4 show that DV is not serisitive to the
base factor in the range 0 ~_~ ~. 0.5. This suggests that we can
approximate the vertical distribution factors by using ~ = 0.3 in
Eq. (7.16), with the result
D - 1.4
,."., r
DV = l.~ D - 2.5: r (7". 18)
This result gives values of DV which differ "by a maximum of 12 percent
relative to Eq. (7.16). Since both R.. andD rp.ust be estimated, dif-
. -"fb r
ferences of this magnitude are not excessive for purposes of pre1im-
inary design. The bracketed carry~over factor in Eqs. (7.8 and 7.13)
is approximately O~4 for ~ = 0.3.
7.5 EVALUATION
The modified bottom story moment balance ~ntroduces two addi-
tional parameters into the plastic moment balancing method. These are
the base factor ~ and the deflection ratio D. The discussion of
--b ' r
Fig. 7.2 ,in Art. 7.2 suggests that the structural behavior of the
bottom story is not" sensitive to these parameters if they are assigned
with reasonable judgment in the preliminary design. However, this
tentative conclusion is based on elastic approximations of structural
behavior.
"
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A more convincing evaluation of the influence of base restraint
and joint rotation could be obtained from an (inelastic) analytical and
experimental investigation of bottom story column-and-girder subaS-
semblages with non-linear rotational base restraint. Such an investi-
gation would also provide a more rational basis for assigning values of
~ and Dr. lhe minimal amount of information on the interaction between
a frame and its foundation is a fundamental gap in the basis for any
method of designing bottom story columns.
Reference 99 gives an indication of the results which may be
expected f~om further study of base restraint.' This paper uses elastic
second order slope deflection equations with a tangent modulus stiffness
modification to study the in-plane sidesway buckling of one- and two-
story, single bay unbraced frames with elastically restrained column
bases. The paper concludes that a small amount of base restraint can
significantly increase ~he elastic sidesway frame buckling load. The
practical result of this study is to encourage the use of simple and
economical column base details and to reduce the frame stiffness
requirements needed to control sidesway buckling of one and two story
frames. If similar conclusions can be demonstrated for bottom story
columns in multi-story unbraced frames under gravity and combined loads,
the result may be to reduce the material, fabrication, and erection
costs of the heaviest frame members.
In the meantime, the modified bottom story moment balance
provides a convenient and adaptable method for the preliminary design of
bottom story columns. The conventional assumption of fixed ends for
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bottom story columns is included in this method by taking Dr =~ = O.
If judgment suggests that something less than complete rotational
restraint ca'n be anticipated, the parameters Dr and Rb provide a simple
means for applying this judgment in the preliminary design stage. Othe~
wise the modified bottom story moment balance introduces no additional
design effort into the plastic moment balancing method.
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8. PRE LIM I N A R Y G I R D E R D E 8 I G N
PAR A M E ,T"E R ,8
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The plastic moment balancing parameters which influence the
design of girders are the positive moment coefficients C and C1
(Art. 5.3) and the girder sway moment distribution factors DG
{Art. 4.4). This chapter explores the objectives which can be
accomplished in assig~ing these parameters.
8.1 POSITIVE MOMENT FACTORS
The statical relations for restricted girder hinge patterns
are described in Art. 5.3 and summarized in Fig. 5.6. The purpose of
restricting the hinge pattern in a girder is to conserve sway stiffness
under,ultimate gravity or combined loading. This is accomplished by
specifying the value of the positive moment factors C < 1 for combined
load and C1 < 1 for gravity load. This requires a plastic moment
capacity larger than the minimum M needed ,for a girder mechanism
-p
under gravity or combined loading. Then the preliminary design girder
moment diagram for the controlling load" is determined by a negative
girder end-moment equal to the required plastic moment M and a maximump
positive girder moment M = C M or C1 MoNo girder mechanism developsp p
under these conditions if the distribution of moments in the frame is
reasonably similar to that assigned in the preliminary design. This
273.38 (8.1)
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means that the girder can still contribute to the sway stiffness of the
frame at ultimate load.
In Chapter 5, the only limitations given for the moment factors,
C and Cl are 0 < C ~ I and 0.5 < C1 ~ 1. These limits apply for girders
with uniform plastic moment capacity. The lower limit on CI cor~esponds
to the clear span fixed-end moment diagram under gravity loading. It is
logical to expect a more restrictive lower limit on the positive moment
factor C for combined loading.
It is helpful to study what happens when small values of Care
used in the plastic moment balance; that is when M is noticeable largerp
than the minimum plastic moment for a girder mechanism under combined
loading. Assume that combined loading controls M and in addition that
" p
the restricted mechanism factor R and the sway moment coefficient G
satisfy the elastic-plastic boundary condition of Eq. (5.44) ~pr the
leeward end-moment MB. The combined load girder moment diagram in
Fig. 5.8(c) illustrates the elastic-plastic boundary condition and gives
the restricted mechanism factor
M
R =--L
Mpm
(8.1)
2
where Mpm = F2R w Lg /16. If combined load controls Mp ' then Eqs.
(5.29(a) and (c» also relate R, G, and the positive moment factor C.
From Eqs. (5.29) and (8.1) the values of C for the elastic-plastic
boundary are
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= 2 (1 + G/8)2 _ 1
C 4/3 + G/2
GC =~--~- - '14/3 + G/2
for 0 < G < 8
for G > 8
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(8.2a)
If the value of C from Eq. (8.2) is used, the a-ssumed, elastic sway
response in Fig. 5.8 indicates that the 6ir,der moments remain elastic
Ut;ltil the controlling combined load condition is reached. No plastic
hinges are formed until the sway moment increases to MG =
G M 1(1 - d IL), at which time the leeward end-moment ~B first reachespm c
M and the maximum positive moment Me = eM. Since the positivep p
plastic moment capacity is not fully utilized, the girder can resist a
larger sway moment if necessary.
Figure 8.1 is an example of the results obtained by using the
positive moment factor from Eq. (8. 2) in the plastic moment balance.
The data used to begin this example is
Sway moment co~fficient
Positive moment factor
G.= 8.0
The box at the bottom of Fig. 8.1 includes the seq~ence of the plastic
moment balance and the results
Restricted mechanism factor
Required plastic moment
Maximum positive moment
R = 16/3
M = (16/3) Mp pm
C M = (813) M
P pm
Since G = 8 the maximum positive moment section is at the windeard end
The M/M axis at the right side of Fig. 8.1 provides apm . ~
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nondim~nsional scale for the girder moment diagram. The steps in drawing
the moment diagram are explained in Art. 1.5. Note that the solid sloping
fixing line in Fig. 8.1 is tangent to the dashed positive moment envelope
(Art. 5.3) labelled C = 0.5. This envelope is drawn at a distance 0.5 Mp
above the simple span gravity load moment diagram for the girder.
Consider now the sway behavior of the girder in Fig~ 8~1 with
the gravity load FZR w L held constant. As sway moments are applied and, g
G increases from 0 to 8, the fixing line rotates about·· the elastic pivot
from the fixed-end positio~ (shown as a horizontal dash-dot line) to the
controlling combined load position with MB = Mp ' The entire sway
response is in the elastic range! No plastic moment redistribution occurs
and no rotation capacity is needed. Furthermore, the girder contribution
to sway stiffness is retained at its elastic value up to the controlling
combined load condition. Note that the R, G coordinates for this example
lie on the elastic-plastic boundary at point B in Fig. 5.9.
It is emphasized that the elastic pivot idea, described in
Art. 5.4, is a copvenient preliminary design approximation to describe
the elastic sway response of a girder. The" portal and cantilever methods
of preliminary elastic wind analysis provide the precedent for the
elastic pivot assumption. Some departure from the assumed elastic sway
response can be expected for girders in irregular frames but the elastic
pivot idea is a reasonable first approximation which can be refined in
later stages of the design process if this is considered necessary.
Some perspective on the accuracy of the basic wind load and gravity load
is helpful in deciding whether such design refinements are warranted or
~meaningful. Design practice definitely is not an exact science. This
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is particularly true of the preliminary wind load analysis for an un-
braced multi-story frame.
If the girder in Fig. 8.1 is designed to form a sway mechanism
under combined load (C = 1), the mechanism factor changes to R,= 4.
The girder end~moments are then M = -M = M = 4 M and the slopingB A p pm
fixing line shifts upward to the position shown dotted in Fig. 8.1.
The results of increasing C from 0.5 to 1.0 are to decrease M from thep
1 · b 1 b (1.6 - 4) / (1i) 25 d dp ast~c moment a ance y 3 3 or, percent an to ecrease
the sway stiffness of the frame in the stories above and below the girder.
In effect, the example in Fig. 8.1 represents a conventional
elastic design situation and appears to defeat the plastic design con-
cept. However, this is not the case. We may interpret this example as
a limiting condition which may be used together with more economically
designed plastic girders in adjacent bays on one level. The elastic
girder then serves to c'onserve sway stiffness and limit the PA moments
in the stories above and below the level.
If the positive moment factor C is assigned in the range
:,,~j,,(l.O ~ C :s 0.5) the fixing lines from the girder plastic moment balance
are bounded by the dotted and solid sloping lines in Fig. 8.1.
According to condition (1) in Art. 5.2, all fixing lines for a constant
sway moment coefficient G are parallel. As C is decreased from the
mechanism value C = 1.0 to the value from Eq. 8.2, the fixing line
shifts parallel to itself from the dotted to the solid sloping lines in
Fig. 8.1-. The value of M from the girder plastic moment balancep
increases with decreasing values of C. The increased plastic moment
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requirement means that'more of the total sway moment is resisted
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elastically and that deterioration of sway stiffness due to plastic
hinges is less pronounced. This of course assumes that the distribution
of sway moments in the frame is reasonably similar to that assigned in
the preliminary design.
the example in Figo 8.1 is considered a limiting condition in
the plastic moment balance for the following reason. For the value
G = 8 used in this example, the positive moment limit imposed by C = 005
is reached at the same time that the controlling combined load condition
is attained. If a value of C < 0.5 is assigned in the girder plastic
moment balance for G = 8, the apparent fixing line is parallel to and
below the solid sloping line in Fig. 8.1. This implies that the point
of inflection in the girder sway moment diagram is to the left of the
elastic pivot. (The sway moment at any girder cross-section is the
vertical distance from the horizontal dot-dashed fixing line for the
fixed-end moment state, to the sloping fixing li~e determined from the
plastic moment balance.) In fact if we assign C = 0 in the girder
plastic moment balance, the entire girder is apparently subjected to
negative moment except at the windward end where MA = O. This is ob-
viously an extreme and unlikely situation.
The smallest value of the positive ffiqment factor C which makes
the fixing line pass through the elastic pivot is considered to be a
reasonable (but not an absolute) lower bound on Co This lower bound on
C is given by Eq. 8.2. In essence, it is assumed that the girder wind
"
moments obtained from the portal method are a limiting case. The
girder plastic moment capacity for the portal wind moment distribution
273.38 (8.1)
is obtained from Eq. 8.1. If values of C :larger than Eq. 8.2 are
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assigned, the required Mp from the plastic moment balance is less than
the corresponding plastic moment requirement for the portal wind moment
distribution.
A graph of the positive moment factor C versus the sway moment
coefficient G from Eq. (8.2) is shown in Fig. 8.2 to define the ,conditions
separating ~ompletely elastic girder sway response from elastic-plastic
behavior. This graph is based on the assumption that the elastic sway
response of the girder follows the elastic pivot assumption describ~d
in Fig. 5.8 and Art. 5.4. The notation "Elastic-Plastic Domain" in
Fig. 8.2 indicates that the leeward girder end-moment ~ reaches Mp
before the maximum positive girder moment Me reaches C Mp ' In this
"Elastic-Plastic Domain," rotation capacity at the leeward hinge is
required to redistribute the girderm~ments under increasing sway effects
until the sway moment reaches MG = G M /(1 - d /L). The notationpm c
"Elastic Domain" defines the range of' e and G values in the girder,.
moment balance which result in entirely e.lastic sway response if the
required plastic moment is computed from M =R M using Fig~ 5~6.ppm.
In the elastic domain there is little to be gained by using a girder
with M larger than that obtained f~om Eq. (8.1) for combined load. Ifp
a girder with larger M is used, the only advantage gained is a
, P
.'
marginal elasti~ increase in sway stiffness.
The values G ~ 8 and e = O~5 used in Fig. 8~1 fallon the harder
between the plastic and elastic domains in Fig. 8.2"·. Equation (8~2b)
defines the elastic-plastic boundary in Fig. 8~2 for G > 8 and
asymptotically approaches the vertical line C = 1 as G goes to in~inity.
273.38 (8.1)
For a large sway moment, say G = 40 (five times the sway moment in
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Fig. 8.1), Eq. (8.2b). giyes C = 7/8. These values are record~d in the
top right corner of Fig. 8.2. Values of G near the top o~ Fig. 8.2 are
obtained for a girder with a large sway moment relat~ve to the gravity
load moments. The value G = infinity corresponds to zero gravity load.
It is evident that a relatiyely small increase in Mp above that for a
'girder panel mechanism (Fig. 1.5b) is.required to ensure that all
-. . ' .
'. moments can 'be resisted in the elastic' range, without sway stiffness
deterioration.
'".
The elastic-plastic boundary is defined by Eq. (8.2a) for
G < 8. In this region' of smaller sway moments, the limiting values of
C range from 1/2 to 1/3 as indicated in Fig. 8.2. The combined load
. girder moment diagram corresponding to the minimum coordinates G = "8/3
,<' and C = 1/3 is s,hown in Fig. 8.3 together with the calculations for the
plastic moment balance. The windward end~moment MA equals ze~o from
Eq. (5.41) and the maximum posiSive moment Me = (1/3)Mp occurs at a
distance X = (2/3)L from the· leeward end of the girder, using Eq. (5.13).
Values of G and C on the elastic-plastic boundary in Fig. 8.2 above the
coordinates G = 8/3, e = l/~ give positive windward end moments MA and
below these coordin~tes, MA is negative.
For sufficiently small values of the sway mome~t coefficient G,
the required pl~stic moment ,capacity Mp = ~B Mpm is controlled by the
.~
· factored gravity load F1R w Lg rather than by combined loading. If
gravity load controls M , the maximum sway moment coefficient can bep
determined from Eq. (5.33). This equation is used to plot the dashed
..
"
curves at thewbottom of Fig. 8.2. These curves defin~ the gravity load
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domain) which depends upon the required load factors for gravity and
combined load and upon the positive moment factors C and C1 . Curves for
three values of C1 (for gravity load) are shown in Fig. 8.2 using the
load factors FlR,= 1.70 and F2R = FlR/1.33 in Eq. (5.33). Other load
factors will shift the C1 curves. The required plastic moment is oon-
•
trolled by ~ravity loading for (C, G)" coordinates below the Cl curves.
An example will help to explain the significance of the Cl
curves in Fig. 8.2. Suppose we decide to use a restricted girder hinge
patt~rn for gravity .1oad'with C1 = 0.50 and F1R/FZR = 1.33. Also assume
that the distribution of sway moments under combined loading gives
G = 0.9 for the girder .. Entering Fig. 8.2 with these values we find
c = 0.4. If this value of C is used in the plastic moment balance for
. '.
combined load" the same required plastic moment is ~dequate for gravity
and combined loading. If a smaller value of C is assigned in the
plastic moment balance, combined loading controls M. Values of C andp
G on the l!ne CI '= 0:5 'in Fig. 8.2 result in a girder which is just
elastic under factored gravity loading. This is based on an assumed
fixed-end moment diagram due,to gravity loads.
The intersection o~ the solid. elastic-plastic boundary curve,
with the d~shed Cl curves in Fig. 8.2 correlates with the boundary lines
in Fig. 5.\0. For example, the'dashed curve labelled C1 = 0.5 inter-
sects the ~olid elas~ic-plastic boundary curve at G = 0.9 apd C = 0.4
for F1R/FZR = 1.33 in Fig. 8.Z. The line labe11e~ C1 = 0.5 in Fig.
5.10 gives the same value of G for this load factor- ratio. If we use
the positive moment ~actors C1 = 0.5 fo~. gravity load and C = 0.4 for
combined load in the preliminary design of a girder with sway moment
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coefficient G = 0.9 and load factor ,ratio F1R/F2R = 1.33 (point A in
Figs. 8.2 and 5.10) we may expect the girder to remain elastic under
both factored gravity and factored combined loading. The full elastic
sway stiffness contribution of this girder is then available at ultimate
load if the distribution of moments in the frame follows that used in
the preliminary design.
8 . 2 ElASTIC SWAY RATIO
If the positive moment factor C and sway moment coefficient G
~re in the plastic domain in Fig. 8.2, part of the girder sway response
is elastic (Fig. 5.8) and the remainder is in the elastic-plastic range
with one plastic hinge at the leeward end of the girder. It is helpful
to know what portion of the sway response is elastic because this gives
a rough idea of the deterioration of sway stiffness due to the formation
of leeward plastic hinges in girders. If we define
GES = sway mom~nt coefficient at formation
of leeward plastic hinge under com-
bined load (subscript ES for elastic
sway), and
ESR = GES/G = elastic sway ratio
then ESR indic~tes what portion of the girder sw~y moment
MG = G M /(1 - d /L) is resisted in the elastic rangeepm c
Using Fig. S.B(c) or Eq. (5.44) we have
GES = 2 (R - 4/3) (8.3)
273.38 (8.2)
The restricted mechanism factor R is given by Eq. (5.29) if a re-
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stricted girder hinge pattern controls the plastic moment under combined
load. The elastic sway ratio equations are obtained from Eqs. (8.3 and
5.29) with" the results
2
ESR = G (
2 (1 + G/8)2 - ~3 )
C + 1 for G < 8 (8.4a)
2 ( GESR = G C + 1 ~) for G > 8 (8.4b)
Figure 8.4 gives plots of G versus ESR for six values of the positive
moment factor C. The region between the curve labeled C = 1.0 and the
vertical line ESR = 1.0 in Fig. 8.4 is the Elastic-Plastic Domain in
Fig . .8.2. The elastic-plastic boundary in Fig. 8g~ maps into the
vertical line ESR = 1.0 at the right side of Fig. 8.4.
Positive moment coefficients in the range 1 ~ C < OaS may give
negative values of ESR for small values of G ~.lo24 in Eq. (8.4a).
Negative values of ESR indicate that the factored gravity load ~2R W Lg
causes negative plastic hinges at both ends of the girder before any
sway moments are applied. Values of G below the dashed Cl curves in
Fig. 8.4 indicate the range of sway moments for which a restricted hinge
pattern under gravity load controls the required .plas~ic.momenta These
dashed curves are obtained by cross-plotting the Cl curves from Figa
8.2.
The curve labeled C = 1.0 in Fig. 8~4 corresponds to the com-
bined load girder sway or panel mechanisms shown in the insets~ This
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curve illustrates an interesting feature of girder mechanisms for com-
bined load. As the total sway moment resisted by a girder mechanism
increases, relative to the gravity load end-moment, an increasing
portion of the sway response is in the elastic range. For example, a
three-fold increase in the sway moment coefficient from G = 8/3 to
G = 8 results in a two-fold increase in the portion of the total sway
moment which is carried elastically. This implies that the rotation
capacity required at the leeward plastic hinge, to develop a girder sway
mechanism, decreases with increasing values of G. As rotation capacity
requirements decrease, it may be possible to relax the plastic design
limitations on width-to-thickness ratios for the flange and web elements
of W shapes. (5) Furthermore, note that the moment gradient in, the
vicinity of the leeward hinge increases with increasing values of G.
This indicates that the yield zone adjacent to the leeward hinge is
more confined, thus decreasing the tendency for local and lateral-
torsional buckling of the bottom (compression) flange.
Note that girder rotation capacity requirements are related to
the loading sequence and the order of hinge formation. Hinges which
form late in the loading sequence require less rotation capacity than
those which form first. The elastic sway ratio for a girder sway
mechanism (C = 1.0) ,gives a relative idea of the plastic hinge rotation
at a leeward (first formed) girder hinge which is required to just
develop the second positive moment hinge in that girder. Once the
girder mechanism had formed, the girder may "ride" with the frame under
constant gravity load ~and increasing sway. This requires additional
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rotation at the leeward girder hinge but does not involve uncontrolled
vertical deflection of the girder.
The center girder in the frame described in Fig. 1.p illustrates
this behavior. Two different rotation capacity requirements are of
interest at the leeward hinge numbered (I) . At ultimate load this
h~nge need have only the rotation capacity required to form a mechanism
in the center girder. (Thiq hinge rotation requirement is relatively
small compared with the rotation which causes strain hardening.) A
larger hinge rotation is require'd to reach the frame mechanism
condition.
Current ideas on rotation capacity requirements are based on
hinge rotatio~ studies for continuous beams and single story frames. (18)
The ultimate combined load capacity of a single story frame ,is fre-
quently controlled by a complete frame mechanism. But this is not true
of many multi-story frames. At ultimate load the multi-story frame
does not form a complete frame mechanism. In fact, the shear versus
sway curve in Fig. 1.6 suggests that the deformed shape at ultimate
load may not be too far removed from the elastic state. This means that
relatively small hinge rotations are in evidence at ultimate load.
Much larger hinge 'rotations are needed to reach the frame mechanism
condition.
The point of this discussion is that rotation capacity require-
'\!
ments for girders in multi-story frames may vary by a considerable
margin between ultimate load and the frame mechanism load. Further-
more, the rotation capacity needed in single story frame girders may
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not give a realistic indication of the plastic hinge rotation at ultimate
combined load in multi-story frame girders. This is a direct result of
two features of the multi-story frame. In addition to the incomplete
mechanism feature, it is also true that the girder sway moments are
large, relative to the gravity load moments, for many of those girders
which are controlled by combined- loading. (Otherwise the combined load
girders would have to be only slightly stronger than those controlled
by gravity loading.)
As the relative moment contribution of the gravity load de-
creas~s, so also does the rotation capacity needed to form a girder
sway mechanism. In the limiting case of large sway moments and no
gravity load, plastic hinges form simultaneously at each end of the
girder. No rotation capacity is needed to form the girder sway
mechanism. Note that in this limiting case, the elastic sway· ratio
ESR equals 1, which indicates zero required·rotation capacity for the
sway mechanism.
Further study should be given to plastic design rotation
capacity requirements for girder sway mechanisms and restricted girder
hinge patterns. It may be possible to justify using at least some of
the non~compact ~ economy shapes in Ref. 5 for plastically designed
gir4e r s with large sway moment coefficients using ASTM A44l or similar
steels. This tentative suggestion is based on the idea that rotation
capaGity requirements can be controlled, at the beginning of the pre-
liminary design, by assigning the elastic sway ratio ESR . The positive
moment factor C then depends upon 1 the sway moment coefficient G as
indicated in Fig. 8.4.
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It is germane to comment that rotation capacity requirements
at a leeward girder hinge depend in p~rt on the rotation of the leeward
girder-to~column joint. If this joint rotation is conservatively taken
equal to the chord rotation ~/h in the story below, then rotation
capacity requ~rements at a leeward girder hinge also are related to the
sway, stiffness of the frame. Design provisions which are intended to
control sway stiffness also provide some control over rotation
cap~city r€quirements. It seems reasonable to expect that if the sway
deflection at ultimate load is limited to some (as yet undetermined)
fraction of the story height, we need have little concern for girder
rotation capacity requirements. Further study is needed to sub-
.
stantiate this tentative· idea.
The primary purpose o;E Fig. 8.4 is to indicate how we can
~p'reset the extent to which plastic beha'vior is utilized in the design
of g~rders using the plastic moment balancing method. To do this we
·enter Fig~ 8.4 with the sway moment coefficient G and the desired
elastic sway ratio ESR ' and find the positive moment factor C. This
value of C is used as initial data in the girder plastic moment balance.
It is evident that the required plastic moment increases with
the elastic sway ratio for a constant value of G. The following girder
designs give an idea of the increase in material weight which is
required by increasing values of the elastic sway ratio.
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Girder Number
Clear span L (ft.)g
M - FZR w L 2/16 (kip-ft.)pm g
Sway moment coefficient G
Positive moment factor C
Elastic sway ratio ESR
Mechanism factor R =M 1Mp pm
Required plastic moment M (kip-ft.)p
Required plastJic -modulus (A36)
Girder size
Plastic moment capacity (kip-ft.)
Gl
28.0
260
4.0
1.0
0.46
2.25
585
195
24Vf76
600
G2
~
28.0
260
4.0
0.8
0.58
2.50
650
217
24Vf84
672
G3
28.0
260
4.0
0.6
0.74
2.81
730
243
27YF84
730
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The gravity load and .sway moment are the same for each girder and are
~
similar to the load and moment in bay CD at level 20 of Frame C (Ref. 6).
Girder' Gl is ,design:ed to form a mechanism under combined loading but
nearly half of the sway moment is carried in the elastic range. Girders
G2 andG3 are designed ~sing a restricted hinge pattern as indicated
by the smaller values of C. This increases the material weight by
10 percent and the elastic range of sway response by 26 percent for G2
and 61 percent for G3, relative to girder GI. Only a modest inc~ease
in material weight is needed to considerably extend the elastic range
of sway response.
The elastic sway ratio ESR is approximately related to the
inter~ediate elastic limit load factor ~ in paragraphs 19 and 45 of
Ref. 61. The curves in Figs. 7 and 8 of this reference indicate the
substantial deGrease in the p~ amplification of moment which is
obtained by increasing the elastic range of sway response .for girders.
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This suggests that the elastic sway ratio is an effective prelimi~ary
Qesign parameter for controlling p~ effects.
It appears to be an accepted fact that all members of an
unbraced multi-story frame cannot be expected 'to work simultaneously
at the limit of their plastic bending capacity.und~r ultimate combined
loading. This is simply a restatement of the idea that the ultimate
combined load capacity is reached before a frame mechanism is Gom~
pletely developed. The elastic sway ratio is a conveni~nt preliminary
design parameter which serves to limit the amount of plastic bending
in g'irders to something less than the plastic mechanism capacity. It
remains to demonstrate, in future inelastic sway studies, how the
elastic sway ratio should be chosen in preliminary design so as to
control frame sway behavior at ultimate load.
One of the problems involved in applying limit design concepts
to a concrete frame is the control of rotation capacity requirements.
It is tentatively suggested that the elastic sway ratio may be used
to provide this control for girders in unbraced multi-story concrete
frames.
8.3 GIRDER DISTRIBUTION FACTORS
The distribution pf sway moments to the girders on one level
is discussed in Art."4.4. The only statical limitation on the girder
distribution factors Pc is that they must sum to unity on each level
as per Eq. (4 .l4·)." In the present article we indicate some of the
ideas which can be used in assigning the values of DG.
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Consider the top levels of an unbraced frame. The plastic
moment capacity of the girders on these levels is normally controlled
by gravity loading. We can avoid having to increase the size of these
girders for combined loading by assigning
. /'-D =M 0,.',. MG(J, I) pm(J, I) L pm(J ,I)
(J)
(8.5)"
on several levels below the roof. That is the girder sway moments may
be distributed in proportion to the product of total gravity load w L
o ' g
. .
and clear span L in each bay. This sway moment distribution differsg
from the conventional portal distribution which depends only on the
bay spans. If the plastic moment M = EL B M is controlled by gravity, p .. ,J.., pm
loading the maximum sway moment capacity of the upper level girders
can be determined using G from Eq. (5.33) in the equation
(8.6)
Note that the limiting sway moment coefficient G in Eq. (5.33) depends
qpon the positive moment factors C and Cl and upon the load factor ratio
F1R/F2R . This limiting value of G for gravity load girders is inde-
pendent of girder span or gravity load so Me in Eq. (8.6) is propor-
tional to M The same is true of DG in Eq. (8.5) which indicatespm
the logic of this expression. We could modify Eq. (8.5) by including
the d /L ratio but this is an insignificant refinement unless d /L
c c
exceeds 0.1.
¥---------~-----------lhe factored gravity load and span parameter
M = F w L 2/16 in all equations of Chapter 8.
o pm 2R g
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The positive moment factors C = C • 1.0 for a girder mech-1
anism and the load factors FIR = 1.70 and F2R = FlR/l.33 give G • 1.24
from Eq. (5.33). If we change C to C = 0.50 the result is G • 0 and
the gi.rders are controlled by combined loading. This indicates the
typical range for G in Eq. (8.6).
The girder distribution factors from Eq. (8~5) are. appropriate
from lev~l (1) at the roof to the lowest level on which the gravity
load girders are adequate for combined load. Call this level (Il)g On
any level between (I) = 1 and (II) the maximum sway moment capacity of
the gravity load girders is
Max. LMG(I) = G'I Mpm(J, 1/ (1 - delL) (J)
(J)
(8.7)
from Eq. (8.6). It is assumed that no excess plastic moment capacity
is provided above that required by gravity loading. The gravity load
girders are adequate for combined load from the roof to the lowest
level (11) for which Max. tMG is less than the required girder sway
moment sum LHG(I) from Eq. (4.12). Note that the story sway moments
,I Me(1) in Eq. (4.12) include the P6 contribution. Note also that Mpm
in Eq. (8.7) includes the effect of live load reduction. thus, both
PA effects and live load reductions are accounted for in determining
the leve 1 (II).
This method of determining the height zone for which the girders
are governed by gravity loading uses data which is needed in other
portions of the preliminary design. In other words there are few
additional calculations required which makes the process efficient~
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Furthermore, the method involves no special conditions of equal spans,
story heights, or loads and is not based on a particular mechanism or
equal story sway assumptions. Both gravity load girder mechanisms and
restricted girder hinge patterns may be considered in determining G
from Eq. (5.33) for use in Eq~ (8.7). It is assumed that the same
values of C and C1 are assigned to each girder on' one level, so that
the gravity load limit on G is a constant for that level. Otherwise,
variations of G should be considered in the summation.
Below level, (II) at least some of the girders are controlled
by combined loading. There are several ideas which might be considered
in assigning the girder distribution factors DG in this height zone.
These ideas are summarized in List 8 ~ 1 ..
LIST 8.1
1. Continue to use DG from Eq. (8.5).
2. Make the increase in girder and column material,
above that needed for gravity load, a minimum.
3. Use the same girder depth in each bay~
4. Use a shallow girder in one bay.
5. Use a sway moment distribution whrch results in
desirable sway behavior, based on inelastic or
elastic-plastic sway studies.
6. Vary the girder sway moments to conserve double-
curvature bending in the columns.
7, Distribute most of the sway moment to one bay.
8. Use girders of ~~riable section.
a. ~egative moment cover plates for small wind moments.
b. Wind bracing stubs or tees for larger wind moments.
c. Composite girders.
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Any of these ideas may be selected to suit the needs of a particular
design problem using the plastic moment balancing method.
For example, we can select item (3) to reduce fabrication cost
and minimize construction depth. Item (4) may be used to fit a large
suspended duct into the minimum construction space or to suit other
architectural depth limits in one bay. Items (5) and (6) concentrate on
controlling structural behavior and safety. We can develop a vertical
vierendeel truss in one bay to ca!ry wind loads using item (7). This
truss arrangement may be used in every second or third frame by trans-
ferring wind shear to the trussed frames through the floor system.
Item (8) provides a considerable advantage in material weight but some
of this advantage may be offset in higher fabrication costs for wind
bracing at the ends of the girders. The substantial increase in stiff-
ness provided by composite girders may be used to control sway effects
in a tall unbraced frame.
List 8.1 is included to suggest some of the varying considera-
tions which are met in designing multi-story frames and to indicate
the versatility of plastic moment balancing as a method for considering
these requirements in preliminary design. Space limitations prevent a
complete treatment of the ideas inr-List 8.1. However, the first three
items in this list are of particular interest and will be pursued
further in Arts. 8.4 to 8.6. Item (6) is considered in Art. 6.3.
Variations from Assigned Sway Moment Distribution
When each girder on a level is designed to reach a mechanism
under combined load, we can be reasonably assured that the horizontal
273.38 (8.3) -212
distribution of sway moments assigned in the preliminary design will be
closely realized in the frame. This assumes that undesired behavior does
not interfere with plastic redistribution of moments. The frame then
has little freedom to seek a girder moment distribution substantially
different from that assumed in the preliminary design unless the P6
effect is overestimated. The situation is somewhat different when a
restricted hinge pattern is applied in the preliminary design for one or
more ,girders. Then the distribution of girder moments in the frame
depends in part on elastic compatibility in addition to plastic behavior.
If the level includes a short, stiff girder span, this girder
will attract sway moment in the elastic range. The first leeward girder
hinge and the first complete girder mechanism is likely to form in the
short span. This behavior is illustrated in Fig. 1.6. It is possible
to assign a restricted_hinge pattern for the short girder in the plastic
moment balance but the frame is likely to redistribute the sway moments
assigned in the moment balance. Nevertheless, the girders on the level
will have sufficient capacity to resist the total sway moment2:MG used
in the preliminary design. Furthermore, if the total sway moment is
not exceeded, at least one of the girders (probably the girder with the
smallest IlL ratio) will not form a mechanism. In short, if sufficient
girder moment capacity is provided in tb,e preliminary design, the girders
will find a way to carry the loads. This is the basis for the Kist
'"
dictum quoted in Art. 2.1.
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Consider item (1) in List 8.1. If Eq. (8.5) is used to assign
the girder distribution factors DG on every level of the frame, the
result is to make the sway moment coefficient G nearly constant for each
girder on one level. To find the value of G for ,level (I) we sub-
stitute DG from Eq. (8.5) into MG(J,I) = DG(J,I).LMG(I)' Then Eq. (8.6)
gives
I MG(I) d
= (1 c)\' -:1 (J)
LMpm(J,I)
(J)
(8.8)
"'"
On one level G(J,I) varies with (1 - dc/L)(J) ,which is nearly constant.
As we proceed down the frame, G increases with the sway moment sum
The value of G from Eq. (8.8) can be used in Eqs. (5.29) or
Fig. 5.6 to find the restricted mechanism product R (C + 1) for level
(I). If the same positive moment factor C is used in the plastit moment
balance for each girder on level (I), the required plastic moment M forp
combined load is directly proportional to M for each girder~pm
The preliminary girder design, using item (1) in List 8.1
involves the following steps.
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1. 2Compute Mpm = F2R w Lg /16 for each girder and assign
the positiv~ moment factors C for combined load and
C1 for gravity load at each level. Refer to Art. 8.2
in assigning these factors.
2. Determine the girder distribution factors D~!rom
Eq. (8.5). The girder sway moments MG =DG LMG(I)'
3 .. Find the limiting values of ~B and G for gravity
load girders from Eqs. (5.31 and 5.33).
4. Determine the sway moment coefficient G for each level
(I) from Eq. (8.8). This step is simplified by using·
a constant value of (1 - d. /L) at each level.
e
5. Starting from the roof, the lowest level (largest I)
which gives G from step (4) less than the gravity load
limit on G from step (3) is the level (11), Below
this level the gi~ders are controlled by combined load.
6. For (1) > (11) use the sway moment coefficients from
step (4) and C from step (1) to find the restricted
mechanism factor R for each level. This step performs
the plastic moment balance using Eqs. (5.29) o~ Fig. 5.6.
7. The required plastic mome~ts for all girders are
obtained from
M =
P
M =p RMpm for (I) > (II)' .
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Notice that M in step (7) is proportional to M for each girder on onep pm
level. The term proportional girder design aptly describes the results
of the steps in List 8.2. Note also that the same values of Marep
adequate for wind from the left and from the right. The column moments
and axial loads obtained from the joint balance will change with the
wind direction.
Further study is needed to evaluate the inelastic sway behavior
and economy which results from a proportional girder design for various
frame geometry and load parameters, In the case of a tall, slender, un-
braced frame, it is suggested that the positive moment factor C may be
assigned to limit working load sway deflection in the preliminary design
stage. This function of C is an addition to the ideas in Art. 8.2.
It is helpful to comment that a proportional girder design can
be performed for isolated levels. In this case, the girder distribution
factors from Eq. (8.5) are Qsed in Eq. (4.16) to estimate the column
loads due to sway. The values of G from step (4) in List 8.2 may be
used to guide in the selection of the isolated levels 0 According to
Eq. (5.13), G determines the distance from the leeward end of a girder to
the section of maximum positive moment under combined lo~d. The level
(12) at which the section of maximum positive girder:moments first reaches
the windward end of the girders can be determined from the values of G in
step (4) of List 8.2. The first level which gives G ~ 8 is the level
(12), Below level (I2) the mechanism facto~ R in ~tep (7) of List 8.2
varies li~early with G from step (4).
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The level (lw) defined in Art. 6.3 is the fir~t level for which
MAIM = G - R.(Eq. 5.41) is positive. The condition G = R may be com-
A pm
bined with Eq. (5.29a) to give
c = l~ (c + ~ - J C(C + 1)' ) 1/3 < C < 1 (8.9)
This is the value of G which makes the windward girder end~moment MA ~ O.
Equation (8.9) gives the following values for G.
c
G·
1.0
1.38
0.75
1.67
0.50
2.14
1/3
8/3
Figure 8.3 indicates the girder moment diagram for G =8/3 and C ~ 1/3.
The level (~) is the first level at which G from step (4) of List 8.2
exceeds G from Eq. (8.9). The windward column above level (~) is bent
in single curvature under combined load. A proportional girder design
may result in single curvature bending for other columns if the frame
has two adjacent bay spans which are quite different..
8.5 SHORT GIRDER DISTRIBUTION
One result of the proportional girder design method in List 8.2
is to require that the size of every girder on and below level (11 + 1)
be increased for combined load. This is not necessarily the most
economical way to provide the girder capacity required for combined
loading; which leads us to item (2) in List 8.1.
A method for optimizing the design of 2 and 3 bay multi-story
frames is proposed in Ref. 70. This reference uses' plastic moment
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balancing to minimize a plastic moment weight function <l:Mp Lfor girders
plus.\'M h for columns) by iteration on a digital computer. The method~ pc
can be ,extended to frames with more than 3 bays using a linear pro-
gramming or Lagrange multiplier approach. A hypothetical increase in
the story shear is used to account for P6 effects in Ref. 70 which also
indicates provisions for enforcing girder depth limitations ,in the
plastic moment balance. The use of M in the column weight functionpc
would appear to suppress the column contribution to material weight for
large pip ratios. Since the lower story columns are the major contri-y
bution to ,material weight, the column plastic moment weight function
'deserves careful review.
Other minimum weight studies suggest that the weight function
\'M x length is not sensitive to variations in plastic moment ratios
-6 p
if the moment distribu~ion is not too far removed from 7he theoretical
· · · hI' (60,98) Th 1 1· h' h k hffiln1mum welg t so utlon, ~ us ca eu at10ns w 1C see t e
theoretical ~inim~m weight soluti~n are of value in research studies but
lose some of their appeal in practice in view of the marginal material
economy which ~esults. Quoting from Ref. 60 (closure)
"The writers suggest that the true value of
minimum weight design procedures is to lead the
designer into the vicinity of the ligh~est
solution from whi~h point he can make selections
of realistic members without concern for being
wasteful. In making such selections, conflicting
practical restraints will cause the designer to
deviate from the theoretical design."
The results of the study reported 'in Ref" 70 suggest si.mple
guides for assigning the girder sway moment distribution below level (II).
These guides give a preliminary desig~.moment distribution close to the
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theoretical minimum plastic moment weight function solution. Similar
guides are included in Ref. 60. The basic idea in distributing the girder
sway moments is to strengthen short interior girder spans first_ Gravity
load girders are used in the remaining spans. The total girder sway
moment capacity of the gravity load girders on one level can be deter-
mined from Eq. (8.7) by omitting the term for the short girger span.
The short girder must provide the remaining girder sway moment capacity
on the level. After repeating this process on several lev~ls, the short
girder may reach a practical depth limit 0 The sway moment distribution
is then shifted to the next short girder spano
Note that item (7) in List 8.1 is a special case of this short
girder distribution scheme in which a single bay of the frame is used
to provide the girder sway moment capacity not supplied by the gravity
load girders in the remaining bays. The resulting vertical vierendeel
truss may be an economical wind bracing system for some frames, depending
on frame geomet~y and architectural requirements 0 The influence of
chord shortening on upper story girders and columns and uplift at the
foundation deserve attention for a tall slender vierendeel wind bracing
system.
8-. 6 CONSTA~T DEPTH GIRDERS
The short girder distribution scheme may ~esult in girders 6f
different depth in adjacent bays. It is sometimes desirable to qistri-
bute the girder sway moments below level (II) so as to give each girder
the same nominal depth on one level. This approach serves to simpl~fy
connections and to reduce fabrication costs. Girders of constant
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results in constant depth girders on the levelo
depth also minimize the construction space between finished floor and
ceiling and reduce the cost of all vertical mechanical services and
architectural materials. This is the motivation for item (3) in List
8.1.
~ther than seek the girder distribution factors DG for a con-
stant depth sway moment distribution, it is more convenient and direct
to ask: What plastic moment capacity is required for constant depth
girders below level (II)? The answer to this question depends upon the
sway moment coefficient G in Eqo (8.6) and upon the level (1). The
first several levels below level (II) are a transition zone between the
gravity load girders on level (II) and constant depth girders on lower
levels. Below this transition zone are two zones (an upper and a lower
zone) of constant depth girders which depend on the smallest sway moment
coefficient G on a typical level (I). These upper and lower zones are
defined later in this article.
To simplify this discussion we shall assume that the same plastic
moment capacity M is used for each girder on a level, This obviously
P
However, wi th M knownp
it is frequently possible to use the plastic modulus table in Ref. 5
to select a set of girders with the same nominal depth but with different
plastic moment capacities close to M ~ If the economy sections in thep
plastic modulus table are selected, we may be able to reduce the total
material weight for the girders on one level without sacrificing the
constant depth feature. Thus M in the equations which follow is to bep
interpreted as a guide in selecting constant depth girders rather than a
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minimum plastic moment requirement. For this reason we may tolerate some
simplifying approximations in estimating M .p
Consider first the levels near the bottom of a tall unbraced
frame. It is logical to expect large girder sway moments sums LMG(I)
(Eq. 4.12) on these levels. We may define the lower zone of constant
,depth girders by requiring that the sway moment coefficient
= MG(J,I) (1 - dc/L)(J)
G(J, I) Mpm(J,I)
> 8 (8.10)
for every gi~der on level (I). This assumes that the maximum. positive
moment under combined load occurs at the windward end of each constant
depth girder on level (I).
The restricted mechanism factor R = M 1M is determined byp pm
Eq. (5.29c) or the linear part of the gr~fh in Fig. 5.6 if G ~ 8. Using
Eqs. (8.6 and 5.29~), we obtain the girder sway moment sum
G(J,I) > 8 (8.11)
We
G(J,I) > 8 (8.12)
where C(J,I) is the positive moment factor in span (J) on level (I).
want to hOld Mp constant on level ~I) so we can factor \(1) =Mp(J,I)
i(
fr~ this S~. Since the dclL r~~fo is ~m.ll (dc/L < 0.1) we c~ also
consider (1 - dc/t) (J;I) to be a constan~on level (1) with little error.
Now Eq~ (8.11) gives the plqstic moment
(1 ~ d/L) (I): LMG(I)
L(C(J, I) + 1)
(J) .
This plastic moment varies
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for constant depth girders o~ level (I).
linearly with the sway moment sum t MG(1)'
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We can use M from Eq. (8.12)p
to select a tentative set of constant depth girders with varying plastic
moment capacity Mp(J,1) and check the sway moment capacity of this
tentative s~t using Eq. (8.11).
Equation (8.10) was used to define the lower constant": depth girder
~one. A more useful definition is obtained by computing the sway moment
cpefficient G(J,1) from Eq. (8.12).
have the result
Using R = M 1M and Eq;" (5.. 29c) wep pm
(8.13)
where all quantities are available at the beginning of the preliminary
design. Equation (8.,13) gives the sway moment coeff~cient in each span
for a constant Mp(1) f~om Eq. (8.12). To determine whether level (I)
'1S in the lower zone of constant depth girders we select the girder with
the largest value of M on the level 0' If this value 0:1; M yie Idspm ' pm
G > 8 in Eq. (8.13), level (I) is in t1;J.e-lower zone and Mp(I) for constant
depth girders is determined by Eq. (8.~2). An alternative procedure is
to set G = 8 and solve Eq. (8 .13) for ~.MG(I) using the largest value of
l}~>'
M in the several bays of the frame. This givespm
'Lower \-'M
Zone "/..;. G(I) (8.14a)
273.38 (8.6) -222
The smallest value of I,MG(I) which satisfies this inequality determines
the top level of the lower zone of constant girder depth. For convenient
Lower
Zone
i' M~ M > 8 N .. pm (J 2 I)L G(I) B (1 - dc/L)(I) (8. 14b)
The levels above (ILcn) are in; the· upper zone o( constant girder
d~p~h. Repeating the lower zone analysis for G < 8 gives
2
M =pel) (8.15)
for constant depth girders at level (I) in the upper zone. This expres-
sian is more involved than Eq. (8~12) because the maximum positive girder
moments do not occur at the windward end of the girders. Nevertheless,
all of the girders on one level can be designed from one application
of Eq. (8.15). If the gravity loads on successive lev~ls do not vary,
the only term in Eq. (8.15) which changes with (1)' is I l1G(I)' The
involved nature of this equation is a small price to pay for designing'
all of the constant depth girders on several levels of:the upper zone.
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If we select girders with the same nominal depth but with varying
plastic moment capacity Mp(J,1) on level (I) in the upper zone, the sway
moment capac:ity of these girders can be checked using
)l (C . + 1) M M - M
L'MG(I) = &)'2. (3,1) pm(J,1) p(J,1) pm(J,1) (8.16)
(~) (1 - d/L) (J,1)
for G < 8. An alternative to this expression is the following checking
sequence which starts with the known plastic moments Mp(J,1) on level
(I) .
1. Compute the mechanism factor
R • M . 1M for each(J,I) p(J,I) pm(J,I)
girder on level (I).
2. Enter Fig. 5.6 with the product
R(J,1)(C(J,1) + 1) on the vertical
axis and find the sway moment co-
efficient G(J,1) on the horizontal
axis.
3. Determine the sway moment capacity for
the girders on level (I) from
LMG(1) =2 G(J,1) Mpm(J,1/(l - d/L)(J,1)
This sway moment sum must be larger than
LMG(1) from Eq. (4.12).
(8.17)
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If this sway moment checking sequence is used there is no need to dif-
ferentiate between the upper and lower zones of constant gir~er depth
because Fig. 5.6 is valid for all positive values of G. Nevertheless,
Eqs. (8.12 and 8.15) are useful in estimating plastic moment capacities
for constant depth girders in the lower and upper zones.
No attempt will be made here to rigorously ~efine the top and
bottom levels of the upper zone because the defining equations are in-
valved and not very useful. Instead, the following ideas are suggested
to indicate appropriate limits of the upper zone of constant girder
depth.
It is evident that the largest gravity load girder on level
(Ii) indicates the smallest practical depth for girders of constant
depth in the upper zone. We can enter the plastic modulus table in
Ref. 5 and determine the plastic moment for the lightest" Weconomy shape
with this nominal depth. Call this plastic moment MpES (subscript ES
for economy shape). It is assumed that the Weconomy shape satisfies
all width-to-thickness requirements necessary to conserve rotation
capacity. Note that MpES may be 40 percent less than the plastic moment
required for the largest gravity load girder on level (II). Next we
find Mp(I) from Eq. (8.15) for several levels below (II)' The first
level which gives Mp(I) ~ MpES is the top level (IUCD)of the upper
zone. The subscript UeD stands for "upper zone, constant depth". On
level (IueD) we can use the largest gravity load girder from level (II)
together with constant depth Weconomy shape girders in the remaining
bays. The economy shape girders should have plastic moments approximately
equal to Mp(I)'
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The levels between (11) and (IueD) are the transition, zone
mentioned previously. We can use the largest gravity load girder from
level (II) in this zone. The girders in the remaining bays may be
selected from the Weconomy shapes and checked for sway moment capacity
using the procedure in List 8.3.
Several levels below (IueD) the plastic moments from Eqs. (8.12
and 8.15) are nearly equal. This results from the nearly linear nature
of the graph in Fig. 5.6 for G in the range 4 < G < 8. For most
practical purposes we can relax the limit on G in Eqs. (8.12 and 8.13)
to G > 4 with the understanding that the constant depth girders should
be checked for sway moment capacity using List 8.3. The upper and lower
zones of constant girder depth gradually merge when Eq. (8.13) gives th~
smallest value of G(J,r) in the range 4 < G < 8.
Analysis Versus Design
It is significant to note that List 8.3 constitutes a procedure
for the combined load analysis (rather than design) of the girders on
one level of an unhraced frame with known member sizes. This girder
analysis may be followed by a joint balance using method I~ in Chapter
6. With some trial and error it is possible to construct moment capacity
envelopes for the columns to guide the method II joint balance. Thus
the plastic moment balancing method may be used both for the design and
for the ultimate strength analysis of unbraced multi-story frames. It
. is assumed that reasonable estimates of sway deflection and vertical
distribution factors are included in the analysis problem. Once these
estimates are available, plastic moment balancing provides a systematic
method for fitting an equilibrium moment distribution (in the deflected
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state) into available moment capacity envelopes. This analysis appli-
cation deserves further investigation. The primary emphasis in this
study is on the design problem.
8~7- CONSIANT DEPTH DISTRIBUTION FACTORS
It is of interest to determine the girder distribution factors
DO in the lower zone of constant gird~r depth. By definition
M G MD ' G(J,I) = (3,1) pm(J,I)
G(J,I) ='\1 ' --~.:...-a;....-~~\~-
L MG(1) (1 - delL) (J,1) ,LMG(1)
In the lower zone, the sway:moment coefficients from Eq. (8.l~) give the
simple result
DG(J,I) = ~ )
iL (c (J , I) + 1
(J)
(8.18a)
,J
If the frame has NB bays ancl:' if a single positive'moment factor
C(1) ~ C(J,1) is assigned in eaeh bay at level (I), we have
(8.18b)
in the lower zone of constant girder depth.
In other words, constant depth girders result from the simple
device of distributing the girder sway moment sum equally between the
NB bays, regardless" of how the bay spans may vary. The required plastic
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moment capacity of the constant depth girders should be in the "vicinity
of
(1 - delL) CI).L-MG(I)
Mp(I) = (C(I) + 1) NB
(8.19)
.'
from~q. (8.12) with C(I) = C(J,I)' Equation (8.19) is definitely valid
When[ M(HI) satisfies inequality. (8 . 14b) and approximately valid when
(8,20)
It is understood that Mpm(J,I) is the largest value of F2R W Lg2/16 on
level (I) in Eq. (8.20).
The girder distribution facto~s may thus be established as
follows:
LIST 8.4
1. Use the first 5 steps in List 8.2 to determine
the lowest level (II) on which the girde~s are
controlled by gravity load~ng.
2. Find the highest level (len) which satisfies
Eq. (8.20).
3. From the roof to level (II) use
DG(J,I) = Mpm(J,I)~·J[Mpm(J,I)
," (J)
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4. From level (leD) to the bottom level use
DG(J,I) = l/NB
5. Between levels (II) and (len) use a transition
in the girder distribution factors from step
(3) to step (4).
-228
The result of the procedure in List 8.4 is a constant-girder-depth
distribution of girder sway moments below level (len)' Note that no
&i~ders need be sized in this procedure. We can further simplify the
process by taking (leD) = (II + 1) and discarding steps (2) and (5) if
the difference between DG in steps (3) and (4) is not drastic,. However
we should not [expect tq obtain constant depth girders on level (II + 1)
unless the frame geometry and loads are regular.
The steps in List 8.4 may be applied to any unbraced f+ame
regardless of varying bay spans, story heights, or wind load distri-
bution. Any reasonable assumptions for positive moment factors may be
used so long as the same factors are assigned to each bay on one level.
The values of C(I) may vary from level to level, but should logically
remain constant or increase with increasing distance from the roof.
8.8 SUMMARY
This chapter indicates how we can control the design of girders
to accomplish several objectives. The elastic sway ratio in Art. 8e2
provides a numerical measure of the extent of plastic behavior which is
utilized in the girder design. This parameter may be assign~d at the
beginning of the preliminary design to limit sway stiffness and
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rotation capacity requirements for girders. The extent to which sway
stiffness and rotation capacity requirements are limited by the elastic
sway ratio remains to be demonstrated in future investigations.
j .
List 8.1 suggests several ideas which may be used in distributing
sway moments to the girde~s. the first three ideas in this list lead
to relatively simple rules or formulas for assigning girder distribution
factors. Items (5) and (6) in List 8.1 suggest how the results of future
multi-story frame research can be used to improve the rationality and
dependability of plastic moment balancing.
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9. EVALUATION AND FUTURE WORK
9 . 1 EVALUATION
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Plastic moment balancing may be described as a refined for-
mulation of equilibrium for unbraced multi-story frames. The refine-
ments are formulated to consider the influence on frame statics of
sway deflection, finite joint size, and plastic girder mechanisms or
restricted girder hinge patterns. The basic statics conditions fo~ a
rigid frame include; (1) girder equilib~ium, (2) joint equilibrium,
~"", . \
I...""'.~ :",' ""0)
and (3) story equilibrium. It is useful to contrast the plastic
moment balancing method, and its predecessor plastic 'moment distri-
bution(40) with respect to the manner in which these statics condi~tons
are enforced,
In plastic moment distribution all three statics conditions
are considered together in one operation. The purpose of the moment
distribution is to satisfy joint equilibrium by redistributing initial
unbalanced girder and column moments on the joints. Girder equilibrium
is conserved by using plastic moment carry-over factors between both
ends or between midspan and one end of the girder. This assumes that
maximum positive girder moments occur close to midspan. Story equil~-
brium is conserved by using carry-over moments between the ends of
columns or between stories. With some trial it is possible to arrive at
any reasonable equilibrium distribution of moments: in a multi-story
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frame using plastic moment distribution. The sequence of the statics
calculations is arbitrary.
In plastic moment balancing, the three statics conditions are
separately considered in the following sequence:
Step 1 - Distribute the total sway moment/I,MC(1) in each
story to the upper and lower levels. This gives
the column moment sums !-MjU(1) and IMjL(1) in
each story and the total girder sway momentL MG(I)
on each level. These moment sums are conserved
in the plastic moment balance:.
Step 2 - Distribute the total girder sway moment,'L\MG(I)
on each level to the girders. The result is the
sway moment MG = MjA + MjB for each girder.
Step 3 - Perform the plastic moment balance for each girder.
This gives the maximum required plastic moment
capacity as controlled by factored gravity or
combined load, using girder mechanisms or
restricted girder hinge patterns. The girder
moments MjA and MjB , on the left and right
joints, conserve the sway moment MG from step 2.
Step 4
-
Balance each joint, holding the girder momen,t:s
MjA and MjB constant. The results are the column
moments MjU and MjL below and above each joint.
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Girder equilibrium is satisfied in steps 2 and 3. Step 4
determines column moments which satisfy joint ~quilibrium and which
conserve the column moment sums in step 1. Then story equ~librium ~s
enforced by steps 1 and 4.
The interesting feature of this statics sequence is that it
isolates the girder eguilibrium.condition. After the gravity load and
sway moment for a girder are established, the girder moment diagram for
each loading condition can he determined without reference to the rest
of the frame as described in Chapter 5. Once determined, the girder
moments need no further modification. Thi~ eliminates any moment
carry~over between the ends of a girder and simplifies the joint balance
operation. "Furthermore, a singl~ plastic moment balance for each
girder automatically determines the controlling loading condition and
plastic moment capacity. Girder plastic moments are based on the clear
span between column flanges.
Four, joint balancing methods are considered in Chapter 5 and
other methods are possible. The main idea in the joint balance is to
satisfy both story and joint equilibrium without changing the girder
moments. There is no need for column moment carry-over or for transfer
of moments between stories in plastic moment balancing. In effect,
each joint balance is an isolated operation.
The purpose of considering the three statics conditions
separately in plastic moment balancing is to organize the equilibrium
calculations in a meaningful and simplifying sequence. The definite
pattern of enforcing the statics conditions in plastic moment balancing
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contrasts with the arbitrary statics sequence in plastic mo~ent distri-
bution. However, there is no essential limitation on the results of
the plastic moment balancee Any reasonable distribution of moments can
be produced. In fact, the relative moment distribution is specified in
a meaningful parametric form at the beginning of the plastic moment
balance. If the plastic moment balancing parameters are assigned values
derived from refined inelastic sway investigations, ·the results of the
plastic moment balance provide a reasonable and rapid prediction of
inelastic statical behavior. From this viewpoint, plastic moment bal-
ancing is at least as rational a preliminary design approach as most
available allowable stress or plastic design methods.
The basis for plastic moment balancing is a modified form of
the lower bound theorem of simple plastic theory. The modifications
account for the most significant in-plane deflection effectp in unbraced
'multi-story frames. This represents an extension of plastic theory to
include the element of frame stability in preliminary design. In
addition, the means for controlling frame instability is built into
plastic moment balancing through the judicious choice of positive
moment factors for girders 0 Once the preliminary design is completed,
the frame with tentative member sizes can be reviewed to demonstrate
satisfactory stability behavior.
Plastic moment balancing is not ~ new or revolutionary concept.
Instead it is a restatement of a tried and tested design philosophy
which appears to have originated in elementary form over half a century
ago. Nor does plastic moment balancing require advanced mathematical
concepts. Probably the most unfamiliar element in the plastic moment
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balancing formulation is the numerical double subscript notation (J,I),
defined in Art. 3.4. This is an essential bookkeeping device for
identifying the many similar quantities which describe the statics of a
multi-story frame.
The organized statics sequence and the bookkeeping system of
plastic moment balancing ~ave two results. First, the method can
be mastered with little more than a firm statics foundation. This is
certainly a minimal qualification for one who is to design multi-story
frames. Second, the systematic nature of the method renders it feasible
for manual or computer application. In fact, it was the effort to
o~ganize the plastic moment balancing method into a form, suitable for
the combination of a small computer (say 8000 ~emory lo,catio~s) and a
relatively large frame (say 40 stories and 8 bays) which led to the four
step statics sequence. A two-stage preliminary design program is
available and will be described in a future report. Here it suffices
to comment that the plastic moment balancing statics sequence can be
applied to one level of a frame at a time so that a minimum amount of
data need be available in the computer core at anyone stage of the
calculations. It is interesting to note that the digital computer does
not antiquate simple design methods but does considerably extend the
scope of their application~
Several design objectives are considered in Arts, 6,3, 8.2,
and 8,3. These design objectives include double curvature bending of
columns, girders of constant depth on one level, and limitations on
the extent to which plastic behavior is utilized in the preliminary
design of girders. A valuable feature of plastic moment balanqing is
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the fact that some design objectives can be specified at the beginning
of the preliminary design with the assurance that the results of the
design will reasonably approximate these objectives. Another interesting
feature of plastic moment balancing is that isolated floors and stories
can be designed. The effects of parts of the frame above an isolated
story are approximated in a simple manner as described in Art. 4.5.
Chapter 7 suggests ideas for the design of bottom story columns including
the effect of base restraint.
In a sense, the plastic moment balancing method represents a
useful link between structural research which aims to improve the saf~ty
and economy of buildings, and the practicing designer who must execute
designs with dispatch. By this we mean that research results may be
stated in a form which is of use in design at the beginning of the
task, that is, in the preliminary design stage. Plastic moment
balancing serves to define certain parameters derivable from frame
research which have direct application in preliminary frame design.
These parameters are:
LIST 9.1
1, The sway deflection at ultimate load, and at the
mechanism load.
2. Ihe vertical distribution factors DV (Chapters
4~ 6, and 7).
3. The girder (horizontal) distribution factors DG
(Chapters 4, 6, and 8).
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4. The positive moment factors C and C1 (Chapters 5
and 8) and the elastic sway ratio (Art. 8.2).
5. The joint balancing parameters (Chapter 6).
6. The bottom story column base restraint factor
1\ and th~ deflection ratio D (Chapter 7).r
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Once these preliminary design parameters are assigned, the
mechanics and results of the preli~inary design are unique and void of
trial and error or iteration. The preliminary design moments, shears,
and axial forces may be used to select tentative member sizes. If these
members provide no optional excess capacity, the behavior of the frame
under a single application of factored design loads is a unique result
of the preliminary design parameters, at least in theory.
9 •2 FUTURE WORK
It is the task of future research to establish and correlate
the relation between the preliminary deaign parameters and the working
load and ultimate load behavior of unbraced frames which are pro-
portioned using plastic moment balancing. A particularly vital need,
from. the viewpoint of plastic moment balancing, is data on sway
deflection at ultimate load. Specifically, we need a method or model
which estimates ultimate load sway deflection from frame geometry and
~oad data. It is reasonable to expect that items (2) to (4) in List
9.1 may also enter into this initial sway deflection prediction model.
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Other questions concerning plastic moment balancing -include:
LIST 9.2
~. What are appropriate restricted hinge patterns in
girde~s and how do these patterns depend on frame
geometry and load parameters? How do restricted
hinge patterns influence inelastic frame stability
under combined loading and frame buckling under
gravity loads?
2. What limits on the preliminary design parameters
in List 9.1 are appropriate for inclusion in a
building code or design specification?
3. What conditions of frame geometry and load combine
to produce significant column shortening effects in
top stories of an unbraced frame and how can these
effects be estimated in the plastic moment balance?
4. Is it possible to modify the plastic moment balancing
statics relations to include the horizontal shear
and vertical reactions developed by shear walls or
bracing in the plane of the frame? Can the hori-
zontal shear be predicted on the basis of sway
deflection estimates?
5. What values of the positive moment factor Care
required at ultimate combined load to limit the
working load sway deflection to an assigned value?
How are these values of C related to frame geometry
and load parameters?
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6. If the girder distribution factors DG a,re assigned
so as to conserve double curvature bending in the
columns" (Art. 6.3) is it possible to simplify
lateral-torsional buckling cheGk~ for the columns?
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Some of the items in List 9.2 can be studied using inelastic
or elastic-plastic sway analysis methods which are recently avail-
hI (10,71,72)a e. The effect of finite joint size should be included
in the sway analysis (Art. 4.1) since this effect controls the location
of plastic hinges and increases the stiffnes; and load capacity of
girders and columns.
Reference is made in this' study to the application of plastic
moment balancing in the design of composite girders and gird~rs with
variable section (Arts. 5.2 and 8.3). No details are given to describe
this application. It is suggested that the positive moment factors C
and Cl ~an be redefined to extend the scope of the girder plastic
moment balance ,to include composite or variable section girders. This
appears to be an attractive topic for future study from the viewpoint
of sway stiffness and economy.
9, •3 SUMMARY
The central idea in this dissertation is the definition of the
factors which should be considered in the preliminary design of unbraced
multi""story frames. Chapter 1 shows how PA effects are ~ntens'ified by
plastic-hinge-induced sway stiffness reduction ~and sugg~sts restricted
hinge patterns in girders as the means for limiting PA effects. This
273.38 (9.3) -239
chapter also indicates that either the mechanism or the ultimate load
conditions may be selected as the preliminary design criterion in the
plastic moment balancing method. If the mechanism condition is used one
should consider the shear reduction between ultimate and mechanism loads
and should use larger sway assumptions to account for PA effects
together with girder mechanisms, in the preliminary design. If the
ultimate load criterion is selected, smaller sway assumptions should
be combined with restricted girder hinge patterns in the preliminary
design (Fig. 1.6).
Available methods of plastic design and analysis are compared
on the basis of consideration given to .P6 effects, restricted hinge
r
patterns, and inelastic ,columns in Chapter 2. This chapter includes
an evaluation of current elastic-plastic frame stability concepts. It
is indicated that the ,mechanism condition is a vaLid preliminary
design criterion for combined load if adequate privision is made for
p~ effects. This is true in spite of the fact that incremental sway
~
stiffness is negative when a frame sway mechanism forms.
The ultimate load condition with restricted girder hinge
patterns is the pr~ferred preliminary design criterion for three
reasons:
(1)· The story shear capacity when a frame sway mechanism
forms may not give an accurate indication of the
ultimate story shear capacity because of the
variabl~ shear reduction between the ultimate
~nd 'the mechanism conditions,
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(2) The story shear versus sway behavior is influenced
by secondary factors (Art. 1.6). These secondary
factors are more active in the vicinity of the
mechanism condition than at ultimate load because
of the larger deformations, forces, and moments
which are required to reach the mechanism
condition. In addition, it seems unnecessary
to require that members provide the larger
deformation capacities needed to reach the
mechani$ffi state when the smaller deformations
which occur at ultimate load are adequate for
the load carrying function~
(3) The s~ay at ultimate combined ,load appears to
be more consistent than the sway when a frame
me'chanism forms (see Fig.:, 1 of ,-,Re,f. 100).
Further sway subassemblage studies are needed
to substantiate the tentative idea that the
ultimate load sway is primarily a function of
frame geom~try and load parameters.
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The plastic moment balancing formulation in Chapters 4 to 7
introduces a series of preliminary design parameters which de,termine
how the frame members are to share in resisting the frame :loads.'
List 9.1 summarizes these parameters, which provide the pattern for
translating the results of frame research investigations into a form
which is of use in preliminary design. This is a primary purpose of
the equilibrium formulation in this study. The preliminary design
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parameters provide the facility for specifying the relative distribution
of moments in the frame at the beginning of the preliminary design,
Another objective of this preliminary design study is to
organize the statics calculations in a definite sequence which isolates
the story, girder, and joint equilibrium conditions. This objective
is accomplished by the four step statics sequence outlined in Art. 9.1.
The definite statics sequence in plastic moment balancing contrasts
with the arbitrary sequence of joint balancing and moment carry-over
in plastic moment distribution. No moment carry-over is neeQed in
plastic moment balancing and no versatility is lost by deciding in
advance how the frame moments should be distributed.
The ~ey step in plastic moment balancing is the girder moment
balance described in Chapter 5. This chapter states the conditions
~pplied in the girder plastic moment balance and defines the girder
sway moment coefficient and mechanism factor. Positive moment
factors are defined and used to extend the girder plastic moment balance
to the case of restricted hinge patterns. The plastic moment envelope
concept is introduced to suggest how, the moment balancing process can
be used for composite girders and non-uniform load distributions.
Four joint balancing methods are described in Chapter 6, to
achieve different objectives. One objective is to duplicate the
relative moment distribution obtained from refined inelastic sway
analyses. From this viewpoint, the equilibrium, yield, and compatibility
conditions can be approximately satisfied in the preliminary design.
273.38 (9.3) -242
A second objective is to fit an equilibrium distribution of moments into
available moment capacity envelopes. This is the plastic analysis
problem. A third objective is to seek a moment:"":'distribution which
conserves double curvature bending in most columns':.' (Art 0 6.3)
Chapter 7 uses elastic concepts to guide in the selection of
preliminary design parameters for bottom st~ry columns. Consideration
is given to column· base restraint and relative stiffness of bottom
floor girders.
The elastic sway ratio, defined in Chapter 8, provides the
facility for deciding in advance, the relative degree of plastic be-
havior which is utilized in the preliminary design of girders for
combined loading. The" girder moments can be selected anywhere between
the portal wind moment distribution (point of inflection at midspan)
and the girder mechanism distribution of moments. The purpose for
limiting the relative degree of plastic behavior in the preliminary
design is to conserve sway stiffness at ultimate combined load.
Rotation capacity requirements are limited in the process. It is
tentatively suggested that sway deflection limits at working load· may
also be considered in assigning the elastic sway ratio.
Chapter 8 indicates some of the d~sign objectives which can
be considered in distributing sway moments to the girders. This chapter
describes a method for determining the lowest level on which girder
sizes are governed by g~avity loading, with consideration given to
variable bay dimensions, live load reduction, and PA effects. The
largest girder on this level indicates the smallest practical depth of
273.38 (9.3)
constant depth girders on lower levels. Sway moment distribution
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factors for constant depth girde~s are given in Chapter 8, and discussed
in Appendix 1.
Clear spans and heights are used in the design of all members
in this study in recognition of the fact that plastic hinges form out-
side of adequately designed rigid girder-to-column-flange joints. The
effect of finite joint size on joint equilibrium and column end-moments
is considered in Art. 481 and Appendix 2.
The method used to approximate in-plane frame stability effects
in the preliminary design is outlined in Art. 1.3. The preliminary
design begins with an assumed sway deflection in each story at ultimate
load or at the mechanism load. This investigation does not intend to
develop an initial sway prediction model but this is felt to be an
important topic for further study. The design example in Appendix 1
tentatively suggests that preliminary member sizes are not especially
sensitive to the initial sway assumption if reasonable provisions are
made for restricted hinge patterns in girders~
In the absence of a reliable initial sway predict~on mode~,
plastic moment balancing is regarded as a preliminary design method
h · h b f 11 db· 1 · (10) 1· 1 · (71)tW~C must e 0 owe y an 1ne ast~c or e ast1c-p ast1c sway
analysis. The purpose of the s~ay analysis is to check the initial sway
estimate used to begin the plastic moment balallce~:. rln effect, "the
sway analysis is an ultimate load frftme stability check. If initial
sway estimates' are not reasonable verified in this sway check, it is
necessary to"either repeat the pr~liminary design or to estimate
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revised member sizes. The second preliminary design is more likely to
be successful in giving valid sway checks for two reasons. First, the
results of the previous sway check give an indic~tion of appropriate
initial sway data. Second, inadequate members may be evident from the
sway check. An improved moment distribution can then he assigned in
the second prelimi~ary design. In this'sequence~ plastic moment
balancing is an iterative design processa It is emphasized that
iteration is required only to correct inappropriate initial sway
estimates.
If future research can develop a reliable initial sway pre-
diction model, the sway check may be considered as ~edundant. The
product of this initial sway prediction model and plastic moment bal-
ancing may then closely approximate ~ direct design method for un-
braced multi-story frames.
In summary, there are several questions which remain to be
explored concerning the design of unbraced multi-story frames. Rather
than providing answers to these questions, it is suggested that plastic
moment balancing is a re~~onable~framework for defining the problems
and guiding in their ,solution.
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S Y M B 0 L S
A Moment factor (MA/Mp ) at left end of girder.
B Moment factor (MB/Mp) at right end of girder.
C Moment factor (Mc/Mp) for maximum positive girder moment
due to combined loado
c l Moment factor (MC/Mp) for maximum positive girder moment
due to gravity load.
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DG(J,I) Factor defining the portion of the girder sway moment sum
on level (I) which is assigned to girder (J). (Girder
distribution factor, horizontal distribution factor)
Df Factor defining the portion of the column moment sum above
and below one level which is distributed to the columns
above and below one jointQ (Column moment distribution
factor, joint balancing method III)
D. Factor defining the portion of the initial external moment
J
MiE which is distributed to the column above a joint.
(Joint balancing ratio, method I)
Factor defining the portion of the girder moment MjG which
is distributed to the column below the joint. (Joint
balancing ratio, method IV)
DL(J,I) Factor defining the portion of the column moment sum at
the lower end of the columns below level (I) which is
distributed to column (J) to give the initial column
moment MiL at the beginning of the joint balance,
method I. (Initial column moment distribution factor)
D Deflection ratio = 9.u/(A/h) for bottom story columns.r J '
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S Y M B 0 L S (continued)
d
F
F1R/FZR
f
G
h(I)
(I)
Factor defining the portion of the column moment sum at the
upper end of the columns below level (I) which is distri-
buted to column (J) to give the initial column moment
MiU at the beginning ,of the joint balance, method I.
(Initial column moment distribution factor)
Factor defining the portion of the story sway moment
assigned to the' upper end of., the columns in the story
below level (I). (Vertical distribution factor)
Depth of section. Subscripts band c denote girder and
column depths, respectively.. Subscripts bU and bL denote
depth of girder-s at upper and lower end of column,
respectively ..
Elastic sway ratio~ (Ratio of elastic sway moment to total
sway moment for girder, = GES/G)
Load factor. Subscripts 1 and 2 denote gravity load and
combined load factor, respectively. Subscript R indicates
required load factor established by building code~
Load factor ratio.
Shape factor (the ratio of plastic moment to yield moment)
Girder sw;iy moment coefficient (MG/Mpm)X(l - delL).
Sway moment coefficient at formation of leeward plastic
hinge in girder under combined load.
Factor~d horizontal (wind) load at level (1)0
Factored wind shear in story below level (I) ..
Change in story shear force 0
Clear column height between girder flanges.
Story height between center of joints below level (1).
Interger subscript denoting level or floor.number starting
from roof.
S Y M B 0 L S (continued)
(11) Lowest level on which gravity load girders are adequa~~
for combined load.
(12) Level at which maximum positive girder moment reaches
windward end of girder.
(ILCD ) Top level of lower zone of constant gi~der depth.
(Iucn) Top level of upper zone of constant girder depth.
(~) I~teger level at which girder moment MA on windward
column joint first becomes positive.
I Moment of inertia of column in the plane of the frame.
c
(J) Integer subscript denoting' column, joint, or span number
starting from left side of frame.
(J,1) Subscript added to any symbol to denote column or joint
or span (J), (numbered from left' to righ't), at level
(I) (numbered from roof to foundation). Joint or span
number always given first in double subsc~ipt.
j Prefix subscript denoting symbol which applies to a joint.
K Incremental sway stiffness of story (rate of change in story
s
shear with story sway).
L Span length between column centers.
L Clear span of girderQg
M Bending moment (sign convention defined in Art. 3.4).
8M Change in moment.
MA Moment at left end of girder (face of column).
MB Moment at right end of girder (face of column).
Me Maximum positive moment along girderQ
MCC(I) Resultant moment couple due to sway loads Ps in columns
be low leve 1 (1).
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S Y M B 0 L S (continued)
MG Sum of the girder moments MjA + MjB (girder sway moment),
M. Initial moment about center of joint. Subscript it and iU
~
denote initial moments from columns above and below
joint, respectively. (Joint balancing method I)
MiE Initial external moment on joint which conserves joint
equilibrium with girder moments and initial column
moments. (Joint balancing method I)
M. Moment about center of joint. Subscripts jA and jB denote
J
moments from girders on right and left sides of joint,
respectively. Subscript jL and jU denote moments from
columns above and below joint, respectively .
. SM.
J
MjG
Mpm
Change in moment on joint.
Sum of the girder moments MjA + MjB on a joint. (Girder
joint moment, methods III and IV).
Moment at lower end of column (above girder flange).
Overturning moment at level (I) due to factored wind loads
and P8. effect.
Plastic moment.
Plastic moment modified to include the effect of axial
compression.
Plastic moment for lightest W economy shape in a given
depth series.
2F2R w L /16 (2 M is the maximum moment due to factoredg pm
gravity load at midspan of a girder with simple supports).
Moment at midspan of simply supported girder.
Moment at upper end of column (below girder flange).
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S Y M B O,L S (continued)
NB Number of bays 8
P A'xial load.
Subscripts Land U denote axial load from column
above and below joint, respectively.
Subscript S denotes' axial load due 'to' wind and
sway. (Sway load)
p
Q
Total factore'd gravity load in the columns below"level (I).
Axial force corresponding to yield stress level.
Total factored gravity load, times story sway.
Pivot factor for carry-over moments in bottom story.
Horizontal column shear force.
Subscript 0 and ~ denote shear in vertical and
sw:ayed column, respectively.
i
Subscripts Land U denote shear from co~ulT).nabove
and below joint, respectivelyo
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S Y M B 0 L S (continued)
q Column moment ratio, positive when column is bent in
double curvature.
qj Column moment ratio MjL/Mju .
q. Weighted column moment ratio for bottom story,
J
R Mechanism factor M 1Mp pm
~ Base factor = 1/(1 + Rf ).
Rf Dimensionless rotational restraint coefficient for the
foundation.
~B Lower bound for mechanism factor.
~U Ratio MjL/MjU of the column moments at a joint. (Joint moment
ratio)
r
c
v
W(I)
W (n)
cr
w
Radius of gyration for column in the plane of bending.
Vertical shear force in girder.
Subscripts A and B denote shear (reaction) at left and
right ends of girder, respectively.
Total factored gravity load on level (1).
Deteriorated critical load parameter
(Hypothetical load parameter corresponding to elastic
sidesway buckling of frame with n true hinges).
Uniformly distributed gravity load (including live
load reduction) on a girder under working load
conditions.
X Distance from leeward end of girder to section of zero
shear. (If X < L , maximum positive moment occurs
- g
at distance X from leeward end of girder~)
x . Distance from leeward end of girder to point of inflection
p~
(M = 0).
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S Y M B 0 L S (continued)
Horizontal deflection between floors. (Story sway, wind
drift)
~ Story sway due to column bending.
c
Ag Story sway due to girder bending.
66 Change in story sway.
6/h Column chord rotation (Sway deflection index)
Q End slope.
Q. Joint rotation.
J
Subscripts A and B denote joint rotation at left
and right end of girder, respectively.
Subscripts U and L denote joint rotation at upper
and lower end of column, respectively.
6Q Change in rotation.
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Fig. 1.2 Relative reduction in column shear capacity due to sway
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Fig. 1.3 Sway deflection approximations for an unbraced rigid frame
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Fig. 1.4 Stages in the formation of plastic hinges in girders
under combined load.
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Fig. 1.5 Girder mechanisms under combined load.
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Fig. 1.6 Story shear versus sway behavior (from Ref. 10)
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Fig. 4.3 vertical and horizontal distribution of sway moments.
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Fig. 4.4 Story moment equilibrium condition.
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Fig. 4.5 Equilibrium between column sway loads and girder shears
due to sway.
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Fig. 5.3 Design chart for girder mechanisms.
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APPENDIX I
The purpose of this appendix is to 'indicate the nature of pre-
liminary design calculations for an unbraced multi-story frame using
the plastic moment balancing method. The 24-story 3-bay unbraced
frame considered in the design example is designated as Frame C in
Chapters 6, ~6, and 19 of Ref. 6. A sway subassemblage analysis for
level 20 of this frame is performed in Ref. 10. This reference is the
source of the member sizes and story shear versus sway curve in Fig.
1.6. Chapter 21 of Ref. 2 includes portions of an allowable stress
design for Frame C.
~his appendix illustrates portions of the prelimina~y design
.~:alculations eor Frame C in tabular form as follows:
'Xable Description
Al Preliminary ,design data: Source; Ref. 6, Example 6.3
Defines frame geometry and working loads.
AZ Preliminary design parameters
Summarizes the parameters assigned in the
·plastic moment balance.
A3 Vertical distribution of sway moments
Calculations for story sway moments ~ Me and
girder sway moment sums E MG.
A4 Horizontal distribution of sway mo~ents
Calculations for girder sway moments MG-
A5 Floor girder data
1 2Calculations for Mpm = 16 FZR w Lg ·
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A6
Description
Girder plastic moment balance operations table
Outlines the tabular sequence and equations in
the girder plaetic moment balance.
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A7 Girder joint moments operations table
Outlines the tabular sequence and equations used
to find the joint moments applied by the girders.
A8
A9
Girder plastic moment balance and joint moments
Illustrates the girder plastic moment balance
for several cases:
Level Girders controlled by
4 Gravity load mechanism
12 Combined load mechanism
16,20 Combined load, restricted hinge pattern
AlO Steps in joint balance - Method I
Indicates step-by-step calculations.
All Joint balance - Method I
Illustrates the joint balance at level 20 using
Method I, for three loading conditions.
Al2 Joint balance - Method IV
Illustrates the joint balance at level 20 using
automatic Method IV, for three loading conditions.
A13 Constant depth girders
The moment diagrams at level 20 in Figs. AI.l and Al~2 are
a graphical summary of the results obtained in the preliminary design.
These results provide the basis for selecting tentative member sizes.
The design checks which follow the preliminary design ph~se are con-
sidered in Refs. 6 and 10 and are not included in this investigation 0
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The first step in the preliminary design is to define the frame
geometry and working loads. Table Al(6) indicates the frame elevation
and bent spacing, the unit working loads, and the girder, joint, and
wind loads. The gravity loads in the columns and the wind shear in each
story can'be determined from the data in Table Alu The dead loads from
floors, columns, an& exterior walls are included in determining maximum
~
allowable live load reduction factors in this example. These routine
calculations a~e omitted for brevity.
Preliminary Desig~ Parameters
Table A2 lists the preliminary design parameters assigned by
the desi,gner :in .the plastic moment balance. The load factors in item
l"are taken from Ref. 6. !he ultimate load is selected as the pre-
limina~y de,sign critel:"ion. ltem 2 in Table A2 lists the sway deflection
assumptions used to account ~or P8 effects at ultimate loade The ultimate
loa"d criterion also includes assumptions for restricted hinge patterns
in girders. Restricted ~hinge patterns are considered in assigning
positive moment factors as indicated by item 5. The positive moment
factors C < 1 for combined load are assumed to apply to each girder on
levels 16 to 24. The corresponding restricted hinge pattern includes
three plastic hinges at the leeward ends of the three girders on each
level.
The assumptions for the sway and hinge pattern at ultimate load
in Table A2 are conservative in comparison with the ultimate load be~
havior described in Fig. 1.6 at level 20 of Frame C. This indicates
how the results of refined inelastic sway investigations can be used
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to guide the selection of preliminary design parameters in the plastiG
moment balancing method. The positive moment factors in item 5 of
Table A2 are used to illustrate ideas and are not regarded as ~irm
design recommendations.
Item. 3 in Table A2 lists the vertical distribution factors
assigned in the plastic moment balanceG The value DV = OaS assigns
,half of the 'story sway moment to the upper and lower end of the
columns. The vertical dist~ibution factor in the bottom story depends
on the assumptions for column base restraint and relative girder
stiffness on level 24. If the column bases are considered to be fixed,
the base factor ~ is zero. Figure 7~4 gives vertical distribution
factors in the range 0.33 ~ DV ~ 0.50 for girders that vary from
flexib~e to infinitely stiff. The value DV = OQ33 is assigned in the
bottom story moment balance. This produces larger preliminary design
moments at the base than at the top of the bottom story columns.
Columns selected to resist the larger base moments will tend to delay
the formation of plastic hinges and to reduce P8 effects in the bottom
story.
Frame Statics
Tables A3 and A4 illustrate the frame statics calculations
which are the first part of the plastic moment balancing processo The
story sway moments for wind from left to right are oomputed and dis-
tributed in Table A3. This table begins with the wind shear ~ and
total gravity load PT (including column live load reduction) below each
level, i~ columns 2 and 3. These columns are obtained in a routine
manner from the working load data in Table Alo The values of the sway
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deflection index in column 4 are used to include estimated P8 effects
in the plastic moment balance. The terms in Eq. (409) for the story
sway moment are calculated in columns 5 and 6. The PT ~ moments in
each story below level 4 contribute about 35 percent of the total story
sway moment ~ Me in column 7.
The vertical distribution factors in column 8 of Table A3 arE~
uaed to determine the portion of the story sway moment assigned to the
upper end of the columns in each story. The product DV ~ Me is entered
in column 9 of Table A3. The data in columns 7 and 9 ~s combined to give
the girder sway moment sum· t MG for each' level in column 10, usirlg
Eq. (4.12). This completes the vertical sway moment distribution~
The horizontal distribution of sway momenta to individual girders
is performed in Table A4, which is based on Eq. (4013)Q The girder sway
moment distribution facto~s DG assigned in this table vary from level
to level and are sa1e~.ted with two ideas in mind 0 First j the minimum
girder sizes needed to carry factored gravity loading should be used
on as many levels as possible. Second, it is desired to use girders
with the same nominal depth on lower levels where girder sizes are
controlled by combined loading. Later work will indicate how these
ideas are used to obtain the values of DG in Table A4. Regardless of
how they are assigned the girder distribution factors are statically
admi.ssible if they ·>sum to unity on each level 0 Table A4 concludes the
frame statics part of the plastic moment balancing process.
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The data needed to begin the girder plastic moment balance are
the girder sway moments MG from Table A4 and the g~avity load parameter
1 2Mpm = 16 F2R w Lg . Table AS includes tabular calculations which give
M in' row 6. The remaining rows in this table are considered later.pm
An oper~ti~ns table and all equations for the girder plastic
moment balance are outlined in Table A6. The first five rows are used
to collect data from previous tables and to record the positive moment
factors assigned for restricted hinge patterns. The sway moment co-
efficient G is computed in row 6. Equations far the mechanism factor
R and the lower b?und ~B are given in rows 7 and 8~ Figure 506 may be
used to find R if desired. This is the key step in the girder plastic
moment balance.
If the girder size is controlled by combined loading, the first
equation in row 9 gives the required plastic moment M ~ The secondp
equation in this row determines M for gravity 10adinggp
The entries in rows 10 and 11 of Table A6 can be used to
select the girder sections for a specified yield strength F Q This isy
an optional step which can be deferred until the end of the preliminary
design.
An operations table and all equations needed for determining
the joint moments applied by the girders are summarized in Table A79
This table considers combined loading in rows Ie to 6C and gravity
loading in rows IG to 5G. The equations in Table A7 are discussed in
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Art, 5.4. The values of the mechanism factor R in rows Ie, 2C, and 2G
in the joint moment operations table are taken from row 7 of Table A6.
To find the joint moments for combined load it is necessary to
know whether the leewa~d end-moment MB is plastic or e1asticu This is
determined by finding the elastic sway moment coefficient GES in row Ie
of Table Ai. The values of GES is compared with G in row 6 of Table A6.
If G > GES ' the leeward end-mom~nt is the plastic moment and Eqo (1) in
row 2C of Table A7 applies. In the infrequent case that G,< GES '
Eq. (2) ~n row 2C is used to estimate the elastic leeward end-moment 0
Row 3C gives the moment about the center of the leeward joint caused by
the girder end-shear 0 The moments in rowa 2C and 3C are in nondimen-
s~9nal form.
The leeward and windward joint moments MjB and NjA for combined
loading with wind from left to right are obtained as indicated in rows
5C and 6C of Table A7. When wind is applied from right to left, the
.joint moments are reversed and multiplied by -10
The calculations for the joint moments applied by the girders
under gravity loading follow a similar pattern in the second part of
Table A7. Row lG is the elastic fixed-end moment in nondimensional
form. The fixed-end moment is compared with R to establish whether the
right end-moment is plastic or elastic, as indicated in row 2Go The
joint moment caused by the gravity load end~shear is obtained in row
3G. The last row in Table A7 is the joint moment caused by gra'vity
loading.
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Table A8 illustrates the calculations for the girder plastic
moment balance and joint mom~nts at levels 4 and 12 of Frame C. The
rows in this taible use the same numbering system as the ope.rations
tables A6 and A7. The "item" column in Table A8 further identifies the
nature of each row. The values C = C1 = 1.0 in rows 4 and 5 indicate
that girder mechanisms are assumed in the plastic moment balance at
levels 4 and 12.
The calculations in Table A8 for level 4 indicate the nature
of the plastic moment balance when gravity loading controls the girder
sizes. Note that ~B in row 8# exceeds the mechanism factor R in row
7. This is the clue that gravity load controls. The negative values
of GES in row Ie indicate that the factored load F2R w Lg ~ause hinges
at the ends of the girder under zero wind loads. The larger sway
moments at level 12 reverse the relative values of R and ~BP The
girders on this level are controlled by combined loading.
,
To indicate how restricted hinge patterns are recognized in
the girder plastic moment balance, consider Table A9. This table
1
applies to levels 16 and 20 of Frame C. The values of C,< 1 in row 5
indicate that positive plastic hinges are avoided in the moment balanceD
The practical result is to increase the required girder sizes. For
example, the sway moment MG = 937 kip~ft. as~igned to bay 2 at level
20 could be resisted by a 24B6I or a 21W62 girder if plastic hinges
~ - - - - ,- - "!'" - - - - ... - - - -r - - - - - - - - - - - - -
If FIR = 1070 is assigned for gravity loading~ the
ratio F1R/F2R = 1.33 in Art. 206 gives F2R = 10280
The load factor f9r combined loading is rounded off
to FZR = 1.30 in Ref. 6 and this Appendix. The value
1.28 implies a misleading element of accuracy.
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are assumed at each end. When the windward 'plastic hinge is restricted
by using C = 0.8 in the plastic moment balance, the required girder
size increases to a 24W68.
Note that restricted hinge patterns involve no essential change
in the moment balancing operations. The operations follow the same
sequence as Tables A6 and A7. The girder plastic moment balance and
joint moments complete the second part of the plastic moment balancing
p~ocess,
Joint Balance
Joint balancing method I and IV from Chapter 6 are considered
in this appendix, The joint balance begins with the moments from the
girder plastic moment balance and holds t~ese girder moments constant.
The purpose of the joint balance is to find column moments which
satisfy joint equilibrium and the story equi~ibrium conditions
established during the frame statics phase,
The boxes at the top of Table AlO indicate the pattern used
to record the results of the joint balance~ The upper left and lower
right quadrants at each joint are used for the girder moments'MjB and
MjA , The lower left and upper right quadrants give the final column
moments M,U and M'L' One vertical column at the right side of the
J ' J
joint diagram is used to record the sway moment sums ~ MjL, ~ MG, and
~ MjU for the columns and girders.
Table AlO is used to explain the numerical sequence in joint
balancing method I (Art, 6.1) at level 20 of Frame c~ The row numbers
at the left side of the diag~ams will assist in the explanatiouo Rows
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'2 and 3 are reserved for the final results of the joint balance.
The remaining rows are used to record intermediate data as follows:
Row 1, Initial column moment distribution factors DU and DL
Row 4, Initial column moments MiD and MiL
Row 5> Balancing moments
Row 6, External joint moments MiE and the joint balancing
ratio D.
J
The left and right side of-each joint is used to record data for the
column below and above, respectively.
The initial data needed to begin the joint balance includes
the joint moments determined in the girder plastic moment balance and
the moment sums for the columns and girders from the vertical di$tri-
bution of sway moments. This initial data is recorded at the top of
Table AlO.
The center and bottom diagrams in Table AlO illustrate the
method I joint balance in 6 steps.
Step 1 - Assign the initial column moment distribution
factors DU and DLo These factors are recorded
in row 1 above each jointo ~he conditions
E DU = ~ DL = 1 must be satisfied in assigning
the distribution factors.
Step 2 - The product of the distribution factors and the
column moment sums at the right side of the diag~am
gives the initial column moments MiU and MiL'
which are entered in row 4 below each joint.
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Step 3 - Find the hypothetical external moment MiE at
each joint which conserves joint equilibrium.
This external moment is simply -1 times the
algebraic sum of the girder and initial column
moments in rows 2, 3, and 4, and is recorded
in row 6 at each jointu
An intermediate check may be applied at this stage by noting that the
s~m of the external moments MiE in row 6 should be zero. In Table AlO,
~ ~iE is -1 due to a roundoff error.
Step 4 - Assign the joint balancing ratio D. and record
. J
this ratio in row 6. The same value of D. must]
be used for each joint on one level.
Step 5 - Distribute the portion D. M' E of the externalJ 1
moment to the column above and the remainder
of MiE to the column below. The results of
this step are termed balancing moments and are
entered in row 5 at each joint.
Step 6 - The final column moments are the algebraic
sum of the initial moments in row 4 and the
balancing moments in row 5. The ~inal column
moments are recorded in rows 2 and 3 at each
joint.
Table All shows the joint balance at level 20 for three loading
conditions. The joint balance for combined loading with wind from, left
to right is repeated from Table Ala for comparison with the other
loading conditions. When wind acts from right to left, the girder
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moments in,eaGh bay are rev~rsed and multiplied by -1. The moment sums
at the right cente~ of Table All are ~lso multiplied by -1. Under
gravity loading, the column and girder moment sums are zero, so the
joint balance reduces to steps 3 to 6.
the distribution factors in joint balancing method I may he
varied to achieve different equilibrium distributions of column moments.
To obtain this flexibility, the method involves recording 30 numbers at
each interior joint for the three loading conditions. This can be
reduce~ to 15 numbers using joint balancing method IV which is more
direct but less· flexible.
Table A12 illustrates the method IV joint balance at tevel 20
for three loading conditions. The same initia~ data (Table AIO) is
used to begi~ the joint balance for methods I and IV. The first step
in method IV is to sum the girder moments MjG = MjA + MjB on each joint.
These are recorded in row 6 of Table A12. In the second step, the
joint balancing ratio Dj = ~ MjU/~ MG is computed and recorded at the
right side of the diagram. Note that D. is negative. The column
J
moments are obtained from M. U = D. M. G in row 3 and M. L = -M. U ~ M. G,J J J J J J
in row 2. This completes the joint balance using _method IV.
It is of interest to note that if the joint balancing ratio
D. in method I is assigned the valueJ '
~ M· U
D. = 1+~
J G
(Al)
-and if the initial column moment distribution factors DL and DU are
equal above and below a joint, methods I and IV give identical results
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which are independent of DL and DU. At level 20, Eq. (Al) gives
D. = 1 - 0.513 = 0.487. This is close to the value D. = 0.5 in Table
J J
All which also uses DL = DU~ This explains why Tables All and Al2 give
nearly "the same column moments in this example.
Regardless of what method is used in the joint balance, the
results may be checked against the column moment sums ~ MjL and ~ MjU
in the right column and the condition ~ M. = 0 at each joint. Fol-
J
lowing the joint balance, the column end-moments are obtained from
Eq. (4.5).
Girder Distribution Factors
One refinement of the basic plastic moment balancing method
used in this example is the choice of girder distribution factors in
Table A4. The first idea considered in distributing the girder sway
moments is to use the minimum girder sizes needed for gravity loading
on as many levels as possible.
On the top levels of the frame, factored gravity loads control
the required plastic moment capacity of the girders 0 The girders on
these levels are adequate for combined loading if the girder sway
moments are distributed using Eqo (805)e Row 7 in Table AS applies
this equation to find girder distribution factors DG which are pro-
portional to Mpm
The lowest level on which the girder sizes are controlled by
gravity loading is estab~lished nexto The sway moment capacity of the
gravity load girders can be estimated by taking R = ~B = 1.31 in the
girder plastic moment balance and finding the corresponding sway moment
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coefficient G = 1.15 from Eq. (5.33) or Fig. 5.6. The positive moment
coefficients C = C1 =1.0 are used in this calculation. It is assumed
that the girders provide no excess plastic moment capacity above the
value ~B Mpm which is just adequate for factored gravity loading. The
maximum sway moment sum for the gravity load girders on one level is
~va1uated in Table AS, row 9, using G = 1.15 in Eq. (8.7). The result
is Max. I: MG = 499 kip-ft. This value is compared with the girder
sway moment sums in column 10 of Table A3. The largest value of
EMG(I) in column 10 which is less than Max. ~ MG indicates the lowest
level (II) = 4 on which the gravity load girders are adequate for com-
bined loading. The· girder distribution factors in row 7 of Table A5
are appropriate on levels 1 to 4. This is the basis 'for the values of
DG in Table A4 for level 40
The second idea considered in distributing the girder sway
moments is to use girders with the same nominal depth on lower levels
where girder sizes are controlled by combined loading. The minimum depth
for girders of constant depth is determined by the gravity load in bay
3. The girder in this bay must provide a minimum plastic moment capacity
of IL B M ~ 315 kip-ft. for factored gravity loading where M is-~ pm ' pm
obtained from Table AS, row 6. A 16W58 or an 18W55 or a 21B49 can be
used in bay 3. The 18W55 with M = 335 kip-ft. is selected in thisp
example. Therefore 18 in. is the minimum depth for constant depth girders
below level 4.
Article 8.7 describes a procedure for selecting constant depth
girder distribution factors. It is of interest to apply this procedure
to Frame C which has varying bay sizes. Constant depth girders are
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obtained by dist~ibuting the girder sway mo~ents equally between the bays
at a:nd ,.below the level (len) determined by Eq. (8.20). Using the
.;
largest value of M (for bay 3) in this equation giv~s ~ MG = 3000pm
kip-ft., which 'is approximately equal to the girder sway moment sum at
level 24 in Table A3. Thus (ren) = 24 for Frame C. A similar frame
with three 20-ft. bays would give (reD) =13.
The irregular bay sizes for Frame C· considerably extend the
transition zone between (II) = 4 and (leD) = 240 Constant depth girders
can be used in this zone but some initial calculations are needed to
sQggest distribution factors for constant depth girders. These cal-
culations are considered next.
Initial Estimate for Constant Depth Girders
An estimate of the plastic moment capaeity for constant depth
girders is obtained in Table A13. This table is based on Eq. (8.15)
which reduces to the expression in the box at the top of Table A13.
The values of ~ M and ~ ~ for Frame C are obtained from rows 6pm pm
and 8 in Table AS. The girder sway moment sums from Table A3 are the
initial data in column 1 of Table A13. Column 4 gives an estimate of
M for girders with identical plastic moment capacity in the three baysp
of Frame C. The sections in column 5 are tentative ASTM A36 steel
girder sizes for combined loading. These girders are adequate for
gravity loading in bays 1 and 2 but not in bay 3 between levels 5 and
10.
Two approximations used in Table A13 should be mentioned.
First, th~ sway moment coefficients for bay 2 exceed the limit G < 8
273.38
which applies to Eq. (8.15).
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This makes the estimates of M in Tablep
A13 conservative. Second, no provisions for restricted hinge patterns
are included in Table Al3 which is based on a positive moment factor
C = 1.0. If the factor C = 0.8 from Table A2 is used in Eq. (8.15) at
level 20, M increases by a factor of 2/(1 + GeB) = 1.11. These twopt(20)
approximations tend to cancel each other. The net result is that the
tentative constant depth girder sections in Table Al3 are a good approxi-
mation of the girder sizes obtained from the plastic moment balance at
levels 12, 16, and 20 in Tables A8 and A9.
Distribution Factors for Constant Depth Girders
Gravity loading requires a girder with M
- ~ M = 315 kip-ft.p B pm
in bay 3. Level 12 is the first level in Table A13 which gives Mp
larger than 315 kip-ft. for constant depth girders. !hi~ suggests that
the same girder size (an 18W55, M = 335 kip-ft.) is appropriate in bayp
3 on levels 4.to 12. The girder sway moment distribution in Table A4
·'is arranged to utilize the sway moment capacity of an 18W55 in bay 3
and an 18~50 in bays 1 and 2 at level 12. A gradual transition in the
girde~ distribution factors is assumed between levels 4 and 12. A
series of shapes between an 18B35 and an 18W50 can be used in bays 1
and 2 together with an 18W55 in bay 3 to resist the girder sway moments
on floors above level 12.
Below level 12 the girder distribution factors DG in Table A4
are varied gradually to approach the value DG = 1/3 at level (len) = 24.
This sway moment distribution results in girders with constant nominal
depths of 21 or 24 in. on each level.
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The key step in a constant depth girder design is the selection
of girder distribution factors DG, Equation (8,15) is a valuable aid in
this step fo~ frames with irregular bay dimensions,
Results of Preliminary Design
i
The moment diagrams in Figs. AI.l and Al.2 indicate the in-
formation 'obtained from the preliminary design at level 20. These
dia~rams represent a possible distribution of moments which conserves
e·q~iVbrium in the assumed deflected state. Plastically designed girders
and columns proportioned to resist these moments are a good first approx-
imation of an ~dequate frame design, if the preliminary design parameters
in Taple A2 ar-e· assigned with reasonable judgment. The following is a
.summary· of the preliminary member sizes at level 20 using AS!M A36 steel.
Member Section Controlling, Loading, Condition
Girders 1 to 3 24\tf68 Combined load
Column 1 14Vf264 Combined load - wind right
Column 2 14Vf264 Combined load ~ wind right
If
Column 3 14W314 Combined load wind left
Column 4 14\tf3l4 Gravity load
These members are similar to the design in Fig. 1.6 from Ref. 10.
Individual member sizes differ by one Vi shape between the two designs.
The 24Vf76 girders in Fig. 1.6 were 'selected on the basis of
girder mech~nisms· and an assumed sway index of A/h = 0.020 (Chapter 16,
Ref. 6). This set of preliminary design assumptions results in a
frame with an ultimate story shear capacity of 162.4 kips below level
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20 according to Ref. 10. The 24W68 girders obtained in this appendix
are adequate for the factored story shear of 114.2 x 1.3 = 148.4 kips
and an assumed sway ~~dex of ~/h = 0.010 together with a re~tricted
hinge pattern. The relative insensitivity of girder sizes to the assumed
sway is evident from this comparison.
Design checks at ultimate load and at working load are needed
to verify that the preliminary member sizes are satisfactory. Any method
of inelastic or elastic-plastic analysis may be used for the
sway check at ultimate load. To be consistent with the plastic moment
balancing ,calculations, the'hltimate load analysis should consider
plastic hinges at the ends of members (face of joint), p~ effects, and
axial load reduction of the plastic moment capacity of col~mns. Refer-
ence 10 suggests one method for investigating the story shear versus
sw~y behavior of an ~solated story in the inelastic range.
The sway c~eck at working load is conveniently performed u~ing
the virtual work method described in Art~ 21.9 of Ref. 2. The pre-
liminary member sizes at level 20 result in a working load sway index
of ~/h = 0.0032 below this level, based on centerline dimensions and
members of zero depth. If the virtual work sway calculation is modified
to coneider members of finite depth, the working load sway index reduces
to A/h ~ O~0027. These values indicate that the" preliminary memb~rs
'provide adequate sway stiffness under working load conditions.
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TABLE Al
PRELIMINARY DESIGN DATA - FRAME C (Ref. 6)
*Includes partitions @ 20 psf
Bay Lev~,l LLR Working Load'
I (pet) (kips/ft.)
\
:...-1 1 0 3.00
2 to 24 38.4 4.36
2 1 0 3_.00
2 to 24 23.0 4.73
3 1 0 3.00
2 to 24 50.9 4.06
GIRDER LOADS. LLR = percent live load
reduction (ASA AS8.1)
WORKING 'LOADS ,DEAD LIVE
(psf) (psf)
Roof 95 30
Floor 120* 100
Exter. wall 85
& 4' parapet
Wind 20
Columns 625 pif incl. fireproofing
B
20
IZ
ltD
4
<$).
28' I
........---~-1
+
FRA:ME ELEVATION
~ape
I
"4
0'
t-- --
, ,~
"
,
,J 'JJ,l"1'
Bents @ 24 ~"/ cc
OOINT L~DS (Dead loads applied to columns - kips)
I-tern Col. I Col. 2 Col. 3 Col. 4
4' Parapet 8.2
--- ---
8.2
Exter. wall 24.5
--- ---
24.5
Column (12 ~) 7.5 7.5 7.5 7.5
(15') 9.4 9.4 9.4 9.4
Sum
-
Level 1 15.7 7.5 7.5 15.7
Level 2 to 23 32.0 7.5 7.5 32.0
Level 24 33.9 9.4 9.4 33-.-9
WIND LOADS Level
1
2 to 24
4.8
5.8
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TABLE A2
PRELIMINARY DESIGN PARAMETERS - FRAME C
-306
(1) Load Factors Gravity Load
Combined Load
(2) Sway Deflection Index
Be low Leve 1 1
Below Level 2
Below Level 3 to 24
(3) Vertical Distribution Factors
Below Levels 1 to 23
Below Levels 24 (bottom story)
Assume Fixed Base
Assume Flexible Girders
(4) Girder Distribution.Factors
(~) Positive Moment Factors
Levels 1 to 15 Gravity Load
Combined Load
Levels 16 to 19 Gravity Load
Combined Load
Levels 20 to 24 Gravity Load
Combined Load
(6) Joint Balancing Parameters
Method I
Initial Column Moment
distributidn factor
Joint Balancing Ra.tio
F1R = 1.70
FZR = 1.30
8/h = 0.0033
6./h ~ 0.0067
6/h = O~OlOO
DV = 0.5
D = 0.33V
~ = 0
D ::; 1.0
r
DG
Table A4
Cl = l~O
C = 1.0
Cl = 1,0
C = O~9
Cl - 1.0
C = 0.8
D.= 0.25L
DU = 0.25
D. = 0.50
J
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TABLE A3
VERTICAL DISTRIBUTION OF SWAY MOMENTS - FRAME C
-307
Working Loads Assign (Sway Moments) x FZR
L Wind Total Sway Story Girder
e Shear Grav. - Defln.
v l Load Index Wind Sway E Me DV DvE Me E MG
e Rr PT .A/h ILrh PT Ai (kips) (kips) (k-ft) (k-ft) (k-ft) (k-ft) (k~ft)
(1') (2) (3 ) (4) (5) (6) (7) (8) (9) (10)
1 44
4.8 226 0.0033 75 12
-
87 0~5 - 44
-
·2 156
10.6 578 0.0067 165 60 - 225 0.5 - 112
3 307
16.3 865 0~0100 225 135 - 390 0.5 - 195
4 458
22.1 1166 0.0100 344 182 - 526 O~5 - 263
5 595
27.8 1478 0.0100 434 231 - 665 0~5 - 332
39.4 2106 O~OlOO 614 329 - 943 0.5 - 472
8 1012
45.1 2420 o. 0100- 704 378 -1081 o~ 5- - 540
-62.4 3362 0.0100 973 524 -1498 0.5 - 749
12 1567
68.2 3675 0.0100 1063 573 -1637 0'.5 - 818
as .4 4617 0.0100 1333 720 -2053 0.5 -1026
16 2122
91.2 4931 0.0100 1423 769 -2192 0.5 -1096
108.5 5873 O~OlOO 1692 916 -2608 005 -1304
20 2677
114.2 6186 0.0100 1782 965 -2747 O~5 ... 1373
131.5 7128 0.0100 2052 1112 -3164 0.5 -1582
24 .2958
137.3 7449 0.0100 2677 1452 -4129 0.33 -1376
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TABLE A4
HORIZONTAL DISTRIBUTION OF SWAY MOMENTS TO GIRDERS - FRAME C
-308
Level l: MG Bay 1 Bay 2 Bay 3
, I
Tab. A3 DG MG DG MG DG Me
(k-ft) (k-ft) (k-ft) (k-ft)
4 458 0.31 142 0011 50 0.58 266
8 1012 0035 354 0030 304 0.35 354
12 1567 0.37 580 0.40 627 0023 360
16 2122 0.37 785 0.37 785 0.26 552
20 2677 0.35 937 0~35 937 0.30 803
24 2958 0.33 986 0.33 986 0·.33 986
TABLE AS
FLOOR GIRDER DATA - FRAME C
Row Bay 1 2 3 Sum
1 L (ft) 20.0 12.0 28.0
2 d (assign) (ft) 100 1.0 1vO
c
3 d /L 00050 Ov083 0.036
c
4 t (ft) 19.0 11.0 27.0g
.5 FZR W (k/ft) 5066 6,15 5027
6 M (k-ft) 12709 46.5 240.5 414.9pm
7 M /'E M 0.31 0.11 0.58 1000pm pm
8 JMpm 11.3 6.8 15.5 3.3.6
1.15 M
9 pm (k-ft) 155 58 286 4991 - 'd /L
c
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TABLE A6
GIRDER PLASTIC MO:MENT BAIANCE OPERATIONS TABLE
Row
1
2
3
4
5
6
7
Item
Mpm
d IL
c
G
R
Source or Operation
Table AS
Assign positive moment factors
for gravity and combined load
MG (1 .. d· IL)G = c
Mpm
Fig. 5. 6 R = C ~ 1 (1 + ~ ) 2 for G ::s 8
8
9
GR=--
C + 1
2 (FlR )~B ~B = C1 + 1 F2R
M (~) M =RM for R2: ~BP P pm
(2) M,' =~ M for R< ~
"'p-, ,B pm - B
Select girder sections
for G > 8
~ ,10 Z Z = 12 M IF '(. 3)1nop y
11 Section Plastic modulus table
273,38
TABLE A7
GtRDER JOINT MOMENTS OPERATIONS TABLE
-310
Row Item Source or Operation
Combined Load - Wind Left
lC GES Figg 5.9 GES = 2 (R - 1.33)
2C ~ (1): ~ for G > GESM M;:: R or ~~pm pm (Note 1)
(2) MB 4 G for G < GES-=-+-M ' 3 2pm
VB de (4 + t G) d /L3C c1 - d /L2 M cpm
4c M·B/M (Row 2C) + (Row 3C)J pm
5C MjB (Row 4C) x M,pm
6C MjA MG - MjB
Gravity Load
IG FEM 4 FIR= -- FZRM 3pm
2G
MB (1) ~ = R or 1\ . for R < millM M . B Mpm pm (Note' 1) pm
(2) ~ FEM for R·>~-=-M M Mpm pm pm
VB de FIR d /L
3G 4 c2 M / ~ - d /LF2R 1pm c
4G M'B/M (Row 2G) + (Row 3G)J pm
5G MjB = -MjA (Row 4G) xM'pm
Note 1: Use the larger value
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TABLE A8
GIRDER P~STIC MOMENT BALANCE - JOINT MOMENTS
~311
FRA:ME C Level 4 Level 12
Row Item Unit Bay 1 Bay 2 Bay 3 Bay 1 Bay 2 Bay 3
\1 M k-ft 128 46.5 240 128 '46.5 : 240pm
2 d /L 0.050 0.083 0.036 0.050 0.083 0.036
c i
3 MG Ik-ft 142 50 266 580 627 360
4 C1 1.0 1.0 1.0 1.0 1.0 1.0
5 C 1.0 l~O 1.0 1.0 1.0 1.0
6 G 1.06 0.99 1.07 4.31 12.36 1.45
i
7 R 1.28 1.26 1.28 2.37 6.18 1.39
8 ~B 1.31 1.31 1.31 1.31 1.31 i 1.31
9 M k-ft . 167 60-.8 315 303 287 335p
i
,-10 Z in. 3 55.7 20.3 105,.0 101.0 95.7 111_.7
11 Section l8B35 l2B16.5 18W55 l8\fSO l8\AF50 l8W"55
Combined Load - Joint Moments, -i Wind Left
I
1C GES
i (- ) (- ) i (- ) 2.08 9.70 0.12i
I
2C MB/M 1.31 1,,,31 I 1.31 2.37 6.18 1.39pm
~.-
3C VB d /2 M 0.24 0.41 0,.17 0.32 0.92 0.18
c pm
4c M'B/M 1.55 1.72 -1".48 2.69 7.10 1.57J pm
5C MjB k-ft 198 80 355 344 330 377
6C 'MjA k-ft - 56 - 30 - 89 236 297 - 17
Gravity Load - Joint ~oments
1G FEM/M 1.75 1.75 1.75 1.75 1.75 1.75pm
2G ~/M 1.. 31 1.31 1.31 1 .. 75 1.75 1.39pm
3G VB d /2 M 0.28 0.47 0.20 0.28 0.47 0.20c pm
'4G M·B/M 1.59 1 •.78 1."51 2~03 2.22 1.59J pm
5G M' B = -M'A k-ft 204 83 362 260 103 382J J
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liABLE A9
GIRDER PLASTIC MOMENT BALANCE - JOINT MOMENTS
-312
FRAME C Level 16 Level 2"0
Row Item Unit Bay 1 Bay 2 Bay 3 Bay 1 Bay 2 Bay' 3
1 M k-ft 128 46.5 240 i 128 46.5 240pm
2 d /L 0.050 0.083 0.036 0.050' 0.083 0.036c
3 MG k~ft 785 785 552 937 937 803
4 Cl 100 100 1.0 1.0 1.0 1,0
5 C 0.9 0.9 G,t 9 0.8 0.,8 0.8
6 G 5.83 15.5 2.21 6.96 18.5 3.22
7 R 3.15 8,.15: 1.72 3.,89 10 .. 26 2,19
8 ~B 1.31 1.31 1.31 1.31 1.31 1.31
9 M k-ft: 403 379 4·13 - 4"97 477 526p
10 Z in. 3 134.3 126.3 137.7 165.7 159.0 175,3
11 Section 24B55 24B55 24B61 24Vf68 24'vf68 24Vf68
"-
Combined Load - Joint Moments - Wind Left
Ie GES 3.64 13.64 0.68 5.12 17.86 - 1".72
2C MB/M 3.15 8.15 1.72 3.89 10.26 2.19pm
3C VB d /.2 M 0.36 1.06 0019 0.39 1,20 0.21
c pm
4c M'B/M 3.51 9.21 1.91 4.28 11.46 2.40J pm
5C MjB .k-ft 449 429 458 547 533 576
6C MjA k-ft 336 356 94 390 404 227I
Grav~ty Load
-
Joint Moments
1G FEM/M 1.75 1.75 1.'75 1.75 1.75 1.75pm
2G MB/M 1.75 1'.75 1,72 1.75 1.75 1.75pm
3G VB d /2 M k-ft 0.28 0047 0.20 0028 0,47 0.20
c pm
4G M_B/M k-ft 2 ~ 03 2.22 1.92 2003 2.22 1.95J pm
5G MjB, = -MjA k-ft 260 103 460 260 103' 467
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TABLE AIO
STE PS IN JOINT BALANCE - :METHOD I
Initial Data Level 20 - Wind left
-1304
+2677~ +547 +533 +576~
+390 ~ +404 +227 ~
'.-r::- - -----r fTableA3'y ~'ap Ie A9- ~
(1)
(2),
(3)
(4)
(5)
(6 )
-1373
-1304.
+2677
0.25 0.25
Steps 1 to 3
~ +547 +533 +576
+390 +404 +227 ~
-343 -326 -343 -326 1"'343 -326 -343 -326
2
+279 -282
- 91 + 93 ..
(1)
(2)
(3)
(4)
(5)
(6)
-1373
+2677
I Final M. = -343+ 47 1
1-- JU JL-__ ~,__._~_
0.25 0.25
~ -186 +547 -467 +533 -371) 1+576 -280
-204 +390 -484 +404 -,389 +227 k.' -296 ~
',I
-326-343 -326 -343 -326 -343 -326 -343
+139 +140 -141 -141
- 46 - 45 + 47 + 46
+279 0.5 ~~282 __ ~5 - 91 O'~5 + 93 0.5
4 ~~o='~ """""""""'""" __
Steps 4 to 6
(1) 0.25 0.25
(21)
(3)
(4)
,(5.)
(6)
r;:-:, -,· - ~W r;: Ml
,ASSl.g,n Dj I Bal. M'L = 0,5 (+279)
L- :U L __J·. ~
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TABLE All
JOINT BALANCE - METHOD I - LEVEL 20
-1373
+2677
CD CD G) CD
~ M'L
. J
I:.MG
I: MjU
Level 20 -Wind left
0,25 0,25 0.25 0.25 0,25 0.25 0.25 0.25 -1304
~ -186 +547 -467 +533 -371 +576 -280
--204 +390 -484 +404 -389 +227 -296 ~
-343 -326 ~343 -326 -343 . -326 -343 -326
+139 +140 -141 -141 '"" 46 - 45 + 47 + 46
+279 0.5 -282 0.5 - 91 0.5 + 93 0.5
(1)
(2 )
(3)
(4)
(5 )
(6)
0.25 +1304
~ +265 -390 +453 -404 +481 -227 +105
+282 -547 +470 -"533 +499 "--576 +122 ~
+343 ' +326 +343 +326 +343 +326 +343 +326
- 61 - 61 +t27 +127 +156 +155 -221 -221
-122 0.5 +254 0.5 +311 . 0.5 -442 0.5
Level 20 - Wind right
(1) 0.25 0.25 0.025
(2)
(3)
(4)
(5)
(6)
- 2677.
+1373
Level 20 - Gravity load
(2)
(3)
(6)
~ +130 +260 - 78 +103 +182 +467 -234
+130 -260 - 79 -103 +182 -467 -233 ~
+260 0.5 -257 0.5 +364 005 -467 0~5
o
o
o
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TABLE A12
JOINT BAIANCE - METHOD IV - LEVEL 20
1 2 3 4
1:: MjL
~ MG
~ MjU
Level 20 - Wind left
-1304
+2677
-1373
D.=-O.513
J
~ '-190 +5147 -463 +533 -371 +576 -280
-200 .+390 -488 +404 -389 +227 -296 ~
+390 I +951 +760 +576
(2)
(3 )
(6)
Level 20 ~ ,Wind right
+1304
.. (2)
(3)
(6)
/ +267 ... 390: +450 -404 +477 -227 +110
+28·0
-547 +473 -533, +503 -5,:]·6 +117 ~
~547 -923 -980 -227
;'2677'
+137"3
D.=-O.513
J
Level 20, - Gravity load
(2 )
(3)
(6)
/ +130 +260 - 7~ +103 +182 +467 -234
+130 -260
- 79" -103 +182 -467 -233~
+260 -157 " i -+3f?4 -467
o
o
D.=0.5
J
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TABLE A13
CONSTANT,DEPTH GIRDERS - FRAME C
Eq, (8.15) Use delL = 0.05 C(J,I) = 1,0
~ M . = 414.9 k-ft >: M }pm pm = 12.3 Table AS
~,~ = 3306 ~ 1M::pm pm
-316
. 2
Mp{I) ~ (0.00353 ~ MG(I) + 12.3) for G < 8
(1) (2) (3) (4) (5)'
Level ~ MG 0.00353 (2) + 12.3 (3) x (3) Section
Tab. A3 x (1) =Mp(I)
(lk- ft) (k-ft)
Ii
4 458 1.6 1309 193 --
5 595 2.1 14.4 207 18B35
6 743 2.6 14.9 222 18B40
7 873 3.1 15.4 237 18B40
8 1012 ;3.7 1600 256 l8\f45
9 1151 4.2 16.5 272 18vf45
10 12'9-0 4.7 17-.0 -~ 289 18\N50
11 1428 502 17.5 306 18tf55
12 1567 5.7 18.0 324 18W55
13 1706 6.2 18.5 342 21VfS5
14 1845 6.7 19.0 361 21VfS5
15 1984 7.2 19.5 380 21W55
16 12122 7.7 20.0 400 2~.B55
17 2261 8.2 20.5 420 24B61
18 2400 807 21.0 441 24Bql
19 2539 9.2 21.5 462 24Vf68
20 2677 9,. -7 22.0 484 24W68
~
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27.0' clear11.0' clear19.0' clear
02 2_0_.0_, .....2rr----1-2-.-O-,_~._-192..3__------2-8-00_' -----:---'8~;
I
i
0.5 1
497
547
0.5 1
404
0.5' 0.5' 0.5'
Ii
(a) Girder Moments (kip-ft.) - Wind Left
533
~-~--­
249
8.. 1'
(b) Girder Moments (kip-ft.) - Wind Right
Fig. AI.I Girder moments for combined load
Preliminary design - Frame C at Level 20
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238
287 c...
235
--I 389 280
323
--7 346
286
332
oLevel CD
,19
':- T'-~o.
t N+-
I
1
I
-
I~
0 0 1 m
;Q)
N
I
a \-'
-r-l M !C",.)
,20 ~··4··, oi~·-N+_.
- 0 ~0 I ttl
• : Q)
N
;£~ " 165·21
Axial load
below Level 20
1313 k 1517 k 2733 k 2480 k
(a) Column Moments (kip-ft.) - Wind Left
402-~ ,
481
417
-~ 500
- - 399--~478
.4i2_~- 471
395 392
I 230
'_.i
277
270 G
225
Axial load
below Level 20
2283 k 2118 k 1734 k 1907 k
(b) Column Moments (kip-ft.) - Wind Right
Fig. Al.2 Column moments for combined load
Preliminary design - Frame C at Level 20
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A P PEN n; I X II
This appendix.includes two examples which deal- with the ap-
proximations concerning joint rotation in Chapter 4. The first examp~e
considers the influence of joint rotation on joint equilibrium in
conjun~tion with Art. 4.1. ~he second example illustrates how the
joint rotation assumption in Eq. (c) of Art. 4.2 affects column
end-moments.
Example 1: Influence of Joint Rotation on Joint Equilibrium
Figure A2.1 gives data extracteq from the example in Ref, 10.
This ,example investigates the load versus $way~def1ection behavior at
the twentieth level below the roof of a 24 story, 3 bay unbraced trame,
designed by the plastic method. Of interest here is the potential
moment PQj db /2 about the center of the joint due to rotation of joint
C at level 20. Data for column C below level 20 is summarized in
~
Fig. A2.1.' This column carries the largest axial load in the story below
level 20 (for wind from left to right) and has a large pip ratio (0.85).y
Two values of the sway deflection index in the story are also included
in Fig. AZ,.l. It is not difficult to show that the rotation of joint C
must be less than the sway-deflection index in the story below. The
moment PQj db/2 on joint C due to rotation of this joint may be con-
servatively estimated by taking Q. ~ A/h. (At ultimate load
J
Q. = 0.54 (6/h.)
J
273.38
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The moment PQj db /2 due to rotation of joint C is less than
15.5 kip-ft. when the story develops its maximum resistance to sway at
~/h ~ 0.005. This moment represents 4 percent of the reduced plastic
moment capacity of column C below level 20. A smaller moment PQj db /2
is applied to joint C from the column above level 20. If we consider
the extreme situation which occurs when the story reaches the plastic
mechanism condition at ~/h = 0.009, the moment contribution due to
rotation of joint C does not exceed 28 kip-ft., or 7.3 percent of the
reduced plastic moment capacity of column C below le'vel 20.
Conclusion:
This example illustrates the fact that the moment PQj db /2 due
to joint rotation in Eq. 4.1 is rarely significant when compared with
the moment capacity of the columns. An example involving deep girders,
relative to the story height (db/h = 1/6) and large axial load relative
to the plastic load P , has purposely been selected to give a conserva-y
tive estimate of the moment PQj db /2 due to joint rotation. However,
it should be mentioned that if unusually large joint rotations are
possible (say Q. = 0.03), the moment due to joint rotation may reach
J
values on the order of 10 percent or more of the column moment capacity.
It is difficult, to concoct examples for multi-story frames of prae-tical
proportions to illustrate this point because such large joint rotations
simply do not occur until long after the ultimate load capacity of a
frame is exhausted.
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Example 2: Influence of Joint Rotation on Column_End-Moments
Suppose we are given the data:
MjU = MjL = p~ = M
QjU ::; QjL = 1.5 A/h
dbU = dbL = h/8
for a column bent in double curvature with large joint ~otations relative
to A/h. Note that this data violates the joint rotation asaumption in
Eq. (c) of Art. 4.2. We want to compare the end-moments obtained using
Eqs. (b) and (4.5) in Art II 4.2. The shear force Q = -3M/h and the shear
couple Q db /2 = -(3/16)M while the Py contribution is
Py = P (1.58/h)(db/2) = (3/32)M
Then Eq. (b) gives ML = (29/32)M and Eq. (4.5) yields (Za/32)M for ML.
These answers differ by an insignificant 3.5 percent. If the joint
rotations are decreased to QjU - QjL = 0.5 A/h we ge~ Mt = (27/32)M
from Eq. (b) and no change in ML from Eq~ (4,5). The resulting con-
servative error in Mt from Eq. (4.5) is then a trivial 3.7 percent.
We conclude that Eq. (4.5) giv'es reasonable estimates of the column
end-moments, except possibly for columns in single curvature bending
with large joint rotations.
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Level
20
21
241176 24W7'6 24\tf76
\0 N 1'0
...:t ...:t 0:>
N $ N~ ~...:t
I""""'i r-I ~
241176 24W76 24W76
12'
I 20'~~
Elevation at Level 20 belC2 roof
Loading condition: Combined Load - wind left
Data for Column C - below level 20
Axial load P = 3096 kips P/Py = 0.85 hir = 21
x
Reduced plastic moment M ~ 385 kip-ft.pc
Sway Deflection - below level 20
1 At ultimate ·shear in story, h./h = 0.005
2 At plastic me~hanism in story, A/h = 0.009
Moment contribution - due to rotation of joint C at level 20
Assume joint rotation Q. = h/h
J
(I) i P Q db = 3096 x 0.005 x 24/(2 x 12) = 15.5 kip-ft.
(0.040M )
pc
\3) i P Q db = 3096 x 0.009 x 24/(2 x i2) 28· kip-ft.
(0.073 M )pc
Fig. A2.1 Influence of joint rotation on joint equilibrium
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